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Abstract Let n > 1 be an integer. The integer d = ||}_, pr is called an exponential divisor 


of n = |[j_, py’, if b; | a; for every i € 1,2,---,s. Let 7) (n) denote the exponential divisor 
function. In this paper, we study the sum D(1,2,---,2;2) = 3°. d(1,2,---,2;n) and get 
—S’” = —SSm’” 


k k 
the asymptotic formula for it, where d(1,2,---,2;n) = }°,,_452...32 1. We get the mean value 
a aie aa 


k 
for the exponential divisor function, which improves the previous result. 


Keywords Dirichlet convolution; asympototic formula; exponential divisor function. 


1 Introduction 


Many scholars are interested in researching the divisor problem, and they have obtained a 


large number of good results. However, there are many problems hasn’t been solved. For exam- 


ple, F. Smarandache gave some unsolved problems in his book only problems, not solutions}, 


and one problem is that, a number n is called simple number if the product of its proper divisors 


is less than or equal to n. Generally speaking, n = p, or n = p”, or n = p°, or pq, where p and 


q are distinct primes. The properties of this simple number sequence hasn’t been studied yet. 


And other problems are introduced in this book, such as proper divisor products sequence and 


the largest exponent (of power p) which divides n, where p > 2 is an integer. 


In this the definition of exponential divisor: suppose n > 1 is an integer, and n = LE py. 


Ifd= Th satisfies b; | a;,¢ = 1,2,---, 
d|.n. By convention 1 |, 1. 


J. Wu [4] improved the above result got the following result: 
S- 7) (n) = A(x) + Bu? + O(xs log x), 


where 
sa d(a d(a 1 
II (: 2, “ ; ’ 


t, then d is called an exponential divisor of n, notation 
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ila dae— 1) —de—2)-dae—3 
aT (1452 (a~1) ~ d(a—2) +a ). 


3 
a=5 P 


M. V. Subbarao [2] also proved for some positive integer r, 
Yin)" ~ Ara, 
n<ux 


where 


L. Toth [3] proved 
dor (n))" = Ap(@) + ©? Por—2(log x) + O(a"**), 


n<ux 


grtt_4 


where Pr_2(t) is a polynomial of degree 2" — 2 in t, up = sq]. 


Similarly to the generalization of d,(n) from d(n), we define the function rh (n): 


7 (n) = T] de(ai),b > 2, 


Pi; |ln 


Obviously when k = 2, that is r‘°)(n). r£)(n) is obviously a multiplicative function. In this 
paper we investigate the case k = 3, i.e. the properties of the function 76) (n). 

In this paper, we will study the asymptotic formula for the mean value of the r-th power 
of the function h(n), where r > 1 is an integer. 

Theorem 1.1. For every integer r > 1, then we have 


Pow (n))" = Apa + a? R3r_2(log x) + O(art®), 


n<u 


for every « > 0, where b, := , ap, is as defined in Lemma 2.2, the O—term is related to 


1 
3-azr_1 
r, Rgr—2(x) is a polynomial of degree 3" — 2 and 


sii (: +5 olay" = oe mr | 


where d3(n) = S- 1. 


n=m1mMm2mM3 


2 Some lemmas 


In this section, we give some lemmas which will be used in the proof of our theorem. 
Lemma 2.2 and Lemma 2.3. can be found in [1] and [5]. 


Lemma 2.1. For r > 1, then we have 
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Proof. By Euler’s product formula, we can get 


5 SO Ty (14 EO, MY , I | ae...) 


= ns ps ps pes pss 
-[] (1+ 20, 82., 58 , 20 , 80...) 
: ps ps ps pss ps 
i, 8 @ (2.1) 
=|] 1+ ae a5 + 35 + ie ae aes 
6 P Pp Pp Pp Pp 


= ¢(s)¢**(2s)V(s), 


is absolutely convergent for Its > i 


loc) 
where the infinite series V(s oe 


Lemma 2.2. Suppose k > 2 is an integer. Then 


k-1 
«) = S- d,(n =a" c;(log x)? + O(x°***), 
j=0 


n<u 


where c; is a calculable constant, € is a sufficiently small positive constant, ay, is the infimum 


of numbers az, such that 


= S- d,(n) — xPy_1(log 2) « 2%T®, (2.2) 


n<u 
and 


131 g 43 
= aig" = 9a? 
3k —4 
ee <k=< 
Ak S Ak ry 4<k <8, 
35 e Z 7 
5d? A108 61° O11 10’ 


a9 
a <2 12<k<25, 


Lemma 2.3. Suppose f(m),g(n) are arithmetical functions such that 


J 


S- f(m) =) > 2% P; (log x) + O(a i Os | g(n x), 


m<u j=l n<ux 
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where a, > a2 >--- > az >a>B>0,P;(t) ts a polynomial int, if h(n) = Vo, -ma f(m)9(9), 
then 


J 
S- h(n) = > x“ Q; (log x) + O(a), 


n<x j=l 
where Q,(t) {9 =1,---, J} is a@ polynomial in t. 


3 The mean value of d(1,2,---,2;7) 


Theorem 3.1. Suppose k > 2 is an integer, then 


D(1,2,-+-,2;2) = D> d(1,2,-++,25n) = C*(2)@ + 22 Qe_1(log 2) + Oe"), 
n<u 
k =o 
Proof. Recall that d(1,2,---,2;n) = )7,,_452...52 1, by hyperbolic summation formula, we have 
—_— Sore Rg 
k 
D(1,2, = 5° d(1,2,-- = S aiktm 
k n<au a al mel<ax 
= So dk(m) S0 1455 SO dk(m)—- SO dk(m) S01 (3.1) 
m<y mil<ax I<z m2l<a m<y I<z 

= Si} + So = S3, 


where y, z are parameters that will be determined later, and satisfy that y?z = 2,1 < y < a. 
Now, we deal with $,, S52 and 53, separately 


m<y 21< a m<y 
=a y- a) 9 S> dg(m) (3.2) 
msy msy 
= CF (2)e — a > asin) + O(y'**) 
m>y 


k=1 
=[ 3 at tS e;(log t)? + O(t****) 
yt = 


j=0 


=v 1. 1 (log t}) + O(y-2te***) 
y 


=) cyy~*[(log y)? + 2j(log y)?* + 27(7 — 1)(logy)?-? +--+ +277 -1)--- 


+ O(y torte), 
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Since y = \/2, we have logy = $(log x — log z), inserting this into (3.2), we can get 


Sy = &(2)a — Si — Sig + O(y" 6 + zy PTT), 


where 
k-1 ‘ ) 
z 4 ; A - A A 

Sy = 02 z2 sey, Ci(log x)7~*(—1)*(log z)’, 

j=l i=0 

1 1 = Ci j j! : : 
Sig = 2x? 2? oi » prt 2 C; (log x)" *(—1)*(log z)*. 
j= i= s= 


p> dat) = J | Se (we /7) +0((V7) 


l<z nS/F j=l 
A = Cj d i j-i i a i —2+ar+e 
=? Ti S- C; (log x)?~*(—1) I~ 2 (log 1)’ + O(xy Vs 
j=0~ i=0 I<z 


where 


Tog = fo tA(ogeald =f rAogiiar+ f t~? (log t)'dA(t). 


l<z . 


We can easily get that A(t) = O(1). Using partial integral formula, we have 


/ t2 (log t)’dA(t) = w; + O(z72+®), 


where w; is a constant. We can also obtain that 


/ t~ 2 (log t)'dt = 22? (log z)' — 27iz3 (log z)*"! +... + (—1)*+1244141. 


Combing (3.4)-(3.7), we have 


So = x? Qr_i(log x) + S21 + Soo + O(ay—2orte) 


where 
~ eat j 5 ae = So 
Qi-1 (log x) = 3 >> CF (log x)¥~*(—1)*(wi — (-1)*2**71), 
j=0 i=0 
A 1 ls Cj j . ae ‘ . 
So, = 20722 > 4S” Ci(log x)7~*(—1)' (log z)’, 
j=0 i=0 
k-1 ‘ 7 i-1 . 
ee j a j—4 a S—ioji—-s “ Ss 
Sog = 20222 Y° SY 0 Ci(log 2)¥*(-1)* }0(-1)°'2'-* — (log z) 


(3.3) 


(3.4) 


(3.5) 


(3.6) 


(3.7) 


(3.8) 
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For S3, we have 


83= So dk(m) $1 = 2zy)_ ej(logy)! + O(y**t*z) + O(y'**) 


3 

A 
—_ 
IA 
XN 
Q 

i 

fas 


k-1 (3.9) 
= yz Si oj(logy)? + Oy tz +y'*). 
j=0 
Inserting y = \/%, and log y = 5 (log x — log z) into (3.7), then 
S3 = $3, + O(y**t*z + yt), (3.10) 
where 
9. la r4 sey, j-4_4)4(], i 
31 = 5% 35 j (log x)?~*(—1)* (log z)’. 
j= i= 


Note that Ci = Teo After some simplification we can easily get that $1, + $3, = 


— t(l-ax) 
k? oc 3-ak 


$21, Si2 = Soo. Taking y = A , then Theorem 3.1 is proved. 
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Abstract Let n > 1 be an integer, P*(n) be the unitary analogue of the gcd-sum function. 


In this paper, we consider the mean value of P*(n) over cube-full numbers, that is 


> Pt(n) = 3 P*(n)fa(n), 


n<au n<x 
n is cube—full 


where f3(n) is the characteristic function of cube-full integers, i.e. 


1, nis cube-full, 
f(n) = 
0, otherwise. 


Keywords divisor problem, Dirichlet convolution method, mean value. 


An integer n = p{'p5?...p% is called k-full number if all the exponents ay > k,a2 > 
k,-++,@, > k. When k = 3, n is called cube-full integers, ice. 


n is cube-full, 


0, otherwise. 


In 1972, M. V. Subbarao [4] gave the definition of the exponential divisor, i.e. n > 1 is an 


- 
integer and n = [J p;’,d = [] pj‘, if c | ai,2 = 1,2,---,r, then d is an exponential divisor of 
i=1 i=l 
n. We denote d |. n. Two integers n,m > 1 have common exponential divisors if they have the 
: i Sg 
same prime factors and in this case, i.e. forn = [| pj',m= |] pe, as, b > 1 <i<r), the 
i=l i=1 


Tr 

greatest common exponential divisor of n and m is (n,m)e = [] pierre), Here (1,1). = 1 by 
i=1 

convention and (1,™m)~ does not exist for m > 1. 


The integers n,m > 1 are called exponentially coprime, if they have the same prime factors 
and (a;,b;) = 1 for every 1 <i <r, with the notation of above. In this case (n,m). = S,(n) = 
S,(m). The function S,(n) = P, *---* P, can be found in the unsolved problem 63 (see [3]). 
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1 and m > 1 are not exponentially coprime. Let 


n 


P*(n) = (kn) 


k=1 


where (k,n), := max{d € N: d| k,d || n}, which was introduced by Téth [5]. The function 
P*(n) is also multiplicative and P*(p*) = 2p* — 1 for every prime power p* (a > 1). 

Many authors have investigated the properties of the function P*(n), see [6] and [1]. Re- 
cently, L. Téth [6] proved the following result: 


S- P*(n)= or log a + Bx? + O(a? log x), 


n<ux 


where a = JJ,,(1 — 1/(p + 1)*) © 0.775883, a, 3 are constants. 
The aim of this paper is to establish the following asymptotic formula for the mean value 


of the function P*(n) over cube-full numbers. 


Theorem 0.1. We have the asymptotic formula 


1 1 
S- P*(n) = 72? Ria(log 2) + zt * Ri 2(log 2) 


n<x 


1 
+ g2* Ria(log x) + O(x® exp(— D(log x)s (log log a)~5), 
where Ry 4(t),k =1,2 are polynomials of degree 1 int, D > 0 is an absolute constant. 


Notation. Throughout this paper, ¢ always denotes a fixed but sufficiently small positive 


constant. 


1 Some lemmas 


Lemma 1.1. Let f(m),g(n) are arithmetical functions such that 


J 
Y F(m) = Ya P; (log x) + O(0%), 
> | 9(n) |= O(e*), 


where ay > a2 >---> az >a>P>0,P;(t) are polynomials int. If h(n) = Yo, ma f(m)g(@) 
then 


g 
ye h(n) = .S x“ Q; (log x) + O(a), 


n<ux j=l 


where Q;(t) are polynomials in t, (j =1,---J). 


Proof. This is Theorem 14.1 of Ivié [2]. 
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Lemma 1.2. Let f(n) be an arithmetical function for which 


i 


d> f(r) =} 2% P;(log 2) + O(2"), 


do | £2) |= O(@™ (log z)"), 


where a, > ag >+:: > aj > 4 >a>0,r > 0, P(t) are polynomials in t of degrees not exceeding 
r,j=1,---J, andc>1,b>1 are fixed integers. Suppose for Rs > 1 that 


far) 
d ns 2s)’ 


h(n) = S© (a) f(n/d°), 


de|n 
then 


i 


So h(n) = Yo 2” R; (log x) + Ee(2), 


n<ux j=l 


where R;(t) are polynomials in t of degrees not exceeding r, (j =1,---1), and for some D > 0, 


E.(2) < ve exp(—D/(log x) ® (log log a)~5). 


Proof. See Theorem 14.2 of Ivié [2]. 


Lemma 1.3. Let P’(n) = P'tn) Rs > 1, we have 


= Plin €7(38)C7(4s)C7(5s 
FP) _ PONCE g) 


n=1 
n is cube—full 


where the Dirichlet series G(s) := > Wn) jg absolutely convergent for Rts > 7 


n=1 ns 


Proof. 


3S rs 
5 Pp Pp Pp 
_ Il ( 1 2 2 ; 2 2 2, 1 1 ) 
35 | ps i ps ! pes : pis prtss pits : 
1 
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1 2 

= ¢as)c*(asyer6s) T] (1- Fe - +) 

P 
67 (38) 67 (48)¢7 (5s) 
= G(s), 
6) 
where G(s) := on a = [1,0 - on +---), which is absolutely convergent for Rs > +, and 

S- | g(n) |< a7. 
n<a 


Lemma 1.4. 


S- d(3,3,4,4,5,5;m) = £3 Py 1 (log x) + v* P o(log x) + x P, 3(log x) + O(2°T*), 


m<x 


where oo = geess8 = 0.15137426 ---, Piz (t) are polynomials of degree 1 in t,k = 1,2. 


Proof. By perron’s formula, we have 


S(x) = S> d(n)d(n) 


n<ux 

1 idle Z x gate 
=.= 4s)¢*(5s)—d 

sai |, op CNC) ds + OR), 


where 6 = 3 +e,T =<«°,c is a very large number of fixed numbers. 4 <00< é According to 
Residue’s theorem, we have 


1 ee 2 2 2 x 
=e ¢°(38)¢"(4s)¢" (5s) —ds, 
2nt oo—iT $ 

1 b+iT ; : . a 
I3 = —— 6*(38)C*(48)¢° (5s) —ds. 
277% oo+iT s 
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Since 09 > 4 we have 


3 
hth«f 


70 


Lf f? i 3 gre 
<T™ / + +f +f 
70 iY 


1 
5 
| C(8¢ + 437) |?| C(40 + a47) [7] C650 +457) |? 2? do 
<K eeT ote 4 ps T Ste 4 pt T Ste 4 gs te 4 ga teq i 


1 
at+eqm—d+e 
K e3T 5 


| C(30 + 437) |?| C(40 + i47) |?| C(50 + i5T) |? 2° T~+do 


where 6 is very small normal number, 6 > e, 
T 
Ip K 2™(1 +f (| C(30 + 437) |?| C(40 + 47) |?| C(50 + i5T) |? t-1db). 
1 
According to the partial integral formula, only the formula is proved, 
T 
i= | (| ¢(830 + i3T) |?| C(40 + i477) |?| C(5o + i5T) |? dt) < TT. 
1 


If p; > O(¢ = 1,2,3) are real number, and a + o + = = 1, by Holder inequality, we have 


er: te 
| C(40 + iA) |??? anr(| | C(5a + i5T) |2?2 dt)?s. 
1 


T 
h< (f | ¢(30 + 737) |?P2 anf 
1 1 

So, we have to prove 


T 
/ | €(8309 +430) 7??? dtc T's, 
1 


ve 
J (ldo + iat) PP at <7, 
1 


T 
J | 6l6o0 + i5t) Pm at < Th 
1 


Let m(300) = 2p1, (400) = 2p2,m(500) = 2p3, since alae) + maldso) malbao) = 1, we have 


Oo = gepess = 0.15137426--- 


2 Proof of Theorem 0.1 


Let 


6(Bs)¢7(45)2(58) G(s) = > Ems 1, 


(2(85)¢?(48)C2(6s) = > A 


n=1 


12 Ping Song and Jing Huang No. 1 
such that 
f(n) = D> d(3,3,4,4,5,5;m)g(d). (2.1) 
n=md 
From Lemmal.4 and the definition of d(3,3,4,4,5,5;m) we get 
Y 43, 3,4,4,5,55m) = 24 Pia (log2) + 24 Py a(loge) +04 Py a(logz) + O(e**), (9.9) 
m<ux 
where P,,,(t) are polynomials of degree 1 in t,k = 1,2. 
In addition we have . 
Y | a(n) |= Of@4 +9), (2.3) 
n<ux 
Combining (2.1),(2.2) and (2.3), and applying Lemma 1.2, we have 
S- f(n) = £3 Q1,:(log x) + &*Qy,2(log x) + #> Qi,3(log x) + O(a), (2.4) 
n<ux 
where Q11(t), Qi,2(t) are polynomials of degrees 1 in t, then we can get 
L. 
Yo | f(r) |< a log x. (2.5) 
n<ux 
Since 26a) = 4 ute) Rs > 4, from Lemma 1.4 and (3.1) we have the relation 
P'(n)fo(n) = SY) f(m)u(d). (2.6) 
n=md& 
From (2.4), (2.5) and (2.6), in view of Lemma 1.3, we can get 
Ss P'(n) = «3 Ry (log) + x4 Ry 2(log x) + x8 Ry 3(log x) 
nis ae bani (2.7) 


+ O(x6 exp(—D/(log x) * (log log x)~5). 


From the definition of P’(n) and Abel’s summation formula, we can easily get 


s Pe= SS) P(n)n 


na n<a 
n is cube— full n is cube—full 
x 
= / td y P'(n) 
1 


n<u 
n is cube—full 


1 1 1 
= 72? Ria (log x) + zt* R1.a(log x) + =x Ry3(log x) 


6 
+ O(x® exp(—D(log x) 5 (log log x)~8), 


where Ri, = 1,2 are polynomials of degree 1 in t, D > 0 is an absolute constant. 
Then, we complete the proof of Theorem 0.1. 
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Abstract In this paper, two different classes of convex functions were employed to obtain some 
new integral inequalities of Hermite-Hadamard type. Our method of proofs is of independent 
interest. Moreover, few applications of our results to special means were considered at the 
end. 

Keywords Hermite-Hadamard, integral inequalities, m-Godunova-Levin function, 
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§1. Introduction and preliminaries 


Theorem 1.1. Let f:1 CR—R be a convex function defined on the interval I = [a, }] 
of the real numbers and let a,b € [c,d] where a < b. Then, 


(3) <4 [roe <2 = 


The above double inequality, which we can say is the first fundamental result for convex 
functions with a natural geometric applications, is known in literature as the Hermite-Hadamard 
inequality. Furthermore, the inequality has several updates for different types of convex func- 
tions in literature (See [1], [8], [9], [10], [12] and [13]). 

Definition 1.1.) A function f :I — R is said to be convex, if for every x,y € I and 
t € [0,1] , we have 


f(ta + (1 —t)y) < tf(x) + (1-2) f(y). (1.2) 


Definition 1.2.) A function f : [0,b] — R is said to be m-convex, where m € [0,1], if 
for every x,y € [0,b], and t € [0,1], we have 


f(ta + m(1 — thy) < tf(x) + m(1 — t) f(y). (1.3) 
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Remark 1.1. For m=1, we recapture the concept of convex functions defined on (0, b] 
and for m = 0, the concept of starshapped function defined on |0,b| is obtained. Recall that 
f : [0,6] — R ts starshapped if 

f (tz) < tf(z), (1.4) 


for allt € [0,1] and x € [0,0]. 
Definition 1.3.1 A function f : I — R is Godunova-Levin or said to belong to the 
class Q(L) if f is nonnegative for allx,y € I andt € (0,1) satisfies the inequality 


Ha), f@) 


Definition 1.4.!7] A function f : I C R— R is said to belong to the class MT(I) if f 
is nonnegative Vx,y € I andt € (0,1) satisfies the inequality 


vi vi=t 
fla) + 


f(ta+(1—t)y) s f(y). (1.6) 


~ 2/1-—t 


Recently, Omotoyinbo and Mogbademu ©! introduced and defined two new classes of convex 
functions as follows: 

Definition 1.5. A function f : IC R— R is m-Godunova-Levin or said to belong to 
the class m— Q(1) if f is nonnegative for allx,y € I andt € (0,1) with m € (0, 1] satisfies the 
inequality 

f(x), fy) 


f(t +m — ty) < 22 


(1.7) 


Definition 1.6.1 A function f:IC R— R is said to belong to the class m — MT(I) 
if f is nonnegative Vz,y € I and t € (0,1) with m € [0,1] satisfies the inequality 


Vi Poe = 
JETT NUNS ae oft 


f(x) + f(y). (1.8) 


Dragomir et al. @ obtained the following two new inequalities of Hadamard-type for a 
class of Godunova-Levin functions. 
Theorem 1.2.) Let f € Q(1),a,b € I with a < b and f € Li [a,b]. Then, one has the 


inequality ; 
b 4 
(4 suf tou 
and : ; 
1 
pz f re@tteyae < OFF). (1.9) 
where p(x) = Ceo a € [a, B]. 


In [12], Tung and Yildirim improved on the work of Dragomir et al. ], and obtained the 
following two new inequalities of Hermite-Hadamard type for the class of MT-convex functions. 
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Theorem 1.3.8] Let f € MT(I),a,b € I with a <b and f € L,{a,b]. Then, one has the 


inequality 
a+b 1 ? 
r( 5 js! f(a)dx 
and ’ 
fre) fade < MELO) (1.10) 
where T(x) = ee € [a, d). 


Theorem 1.4.!'7] Let f € MT(I), f € Ly[a,b], where a,b € I anda <b. Then, 


or (*S*) < a) +10. (1.11) 


Recently, Tung et al. [3] 


Theorem 1.5.3 Let f : [a,b] C R > R nonnegative MT-convex function and f € 
Ly[a, b]. Then, 


, proved the following theorems: 


a WT 
wz | fever < F@ + £0), (1.12) 


Theorem 1.6.!'3] Let f,g € [a,b] + R two nonnegative MT-convex functions and 
fig € Ly|a, 6]. Then, 


stg () < M(a,b) + N(a,?), (1.13) 
where M(a,b) = f(a)g(a) + £(8)g(b), N(a,b) = f(a)g(b) + F(0)9(a). 

More recently, the authors §! obtained the following two inequalities of Hermite-Hadamard 
type for classes of Godunova-Levin and MT-convex functions. The results obtained are inde- 
pendent of Tung et al. [3), 

Theorem 1.7.5] Let f,g : [a,b] > R be two functions with a,b € [0,00), where a < 
b,I = [a,b] and f,g € Li[a,b]. If f € QU) and g € MT(I). Then, the following inequality 
holds; 


5 ) < M(a,b) + N(a,d), (1.14) 


where M(a,b) = f(a)g(a) + f(b)g(), N(a, b) = fla)g(b) + F(b)g(a). 
Theorem 1.8.!°) Let a,b € [0,00),a <b, I = [a,b] with f,g: [a,b] > R be two functions 
and f,g € Ly[a,b]. If f € QZ) and g € MT(I). Then, the following inequality holds 
nr i 1 (30 5a 
sag [| MOrwalarae < 5 (FE Maala) + £090) + 7 (Flaal) + £00)a(a))). 
(1.15) 


where p(x) = baa eg € [a,b]. 


In this paper, using an analytical approach, we established some new inequalities involving 
two different kinds of convex functions: m-Godunova-Levin and m-MT-convex functions. Our 


results generalize some well-known results in this area of research. 
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§2. Main results 


Theorem 2.1. Let f,g: [a,b] C R > R be two nonnegative m-MT-convex functions 


and f,g € Ly[a, 6] where a,b € I anda < b. Then, 


int(234) <(2F2) amen 


where M(a,b) = f(a)g(a) + f(b)g(b), N(a, 6) = fla)g(®) + f(b)g(a). 


Proof. Since f and g are m-Q(I)-convex, we can write 


f(a) < 40 


IA 
Nile 
cos 
ole 
+4 

3 
Pl 
Nea 
Ga, 
“St 
Fate! 
ase 
+ 
aS 
a. 
—, 


and 


a a b 
gGr) =& aaa 
< 3 ($+ abs) (oo) +910). 


Multiplying (2.1) and (2.2) together to obtain 


(232) = (G2) rn e9 


Observe that inequality (2.3) becomes 


a+b 


Amt(1 — t) fg ( ) S (f(a) + F(b))(g(a) + g(0))(t + m(1 — #))dt. 


Integrating both sides of (2.4) over [0,1], we get 


tnfy (EP) [nar < (ra) + £0))(G(a) +900) [e+ mG — hat 


Further simplification of (2.5) completes the proof. 


Theorem 2.2. Let g © m— MT(I),a,b€ I witha <b and f € Ly1{a,b]. Then, 


mb b 
(4) <5 (a / flojae + -— f Her). 


Proof. Since f € m-MT-convex, and Va,y € J, 


f(t2+m(1—t)y) s 


with t = 4 in (2.7), 


j (some) «< fades) 
2 2 
Now, set « = ta+m(1—t)b and y = m(1 — t)a+ tb, then (2.8) becomes 


(2.1) 


(2.2) 


(2.3) 


(2.5) 


(2.6) 


(2.7) 


(2.8) 


(2.9) 


18 Opeyemi Omotoyinbo and Adesanmi Mogbademu No. 1 


By integrating both sides of (2.9) over [0, 1], we obtain 


f (™) < ; (eic + m(1 — t)b)dt 4 [fon —pa+ nat). (2.10) 


It is easy to see that 
(ta + m(1—t)b 


1 1 b 
: f(m(1 — t)a + tb)dt = pag | Sean: (2.11) 


and 


Thus, substituting (2.11) into (2.10),the result follows immediately. 


Remarks 2.1. — (i) If we choose m = 1 in (2.6), we obtain 


(Ce) < 


which is the first part of Hadamard’s inequality (1.1) and Theorem 1.3 of Tung and Yildirim!?], 
(it) If g € m— Q(L), then Theorem 2.2 also holds. 
Theorem 2.3. Let f : [a,b] C R > R be a nonnegative m-MT-convex function and 
f € I1([a,6]) with a,b € I and a <b. Then 


mb b 
: f(a)de + —— / f(a)de < "(m+ 1)(F(a) + FQ). 


T 
mb —a b—a Jina 4 


Proof. Since f € m— MT(J), 


, Vt _m 1-t 
flta+m(1— 90) < = pa) + "0, (2.12) 
and 
Vt m/1—t 
f(tb+ m(1 —t)a) < ata) + oe (2.13) 


Adding (2.12) and (2.13), gives 


t _ mi-t 
VivT—t VtV/1—t 


Flta+m(t— 8b) + F(tb-+ (I~ ta) < 5 ( ) H@ +10) 


1 


< 5(f(@)+F(0) xc (E24 me (Lae, (2.14) 


On substituting « = ta + m(1 — t)b (i.e. dx = (a — mb)dt) in (2.14), then the result follows 


immediately. 
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Remarks 2.2. Ifm=1 in Theorem 2.3, we have 


ay [sou < F (F(a) + FO), 


which is Theorem 2.3 of Tung et al. "I, 
Theorem 2.4. Let f,g: [a,b] C R— R be two nonnegative m-MT-convex functions and 
fig € L1([a, }]) with a,b € I anda <b. Then 


stg (“ =) < (m? +m +1)(M(a,b) + N(a,)). 


Proof. Since f and g are m-MT-convex functions, we can write 


1(*) < vt _ g(a) + Hy 


2WVJ1—t VE 
<5 (+ SE) w+ sy, (2.15) 
g () = ante) + m9 
<5 (st +t SZ) oe) + 0p. (2.16) 


By multiplying (2.15) and (2.16) ,we obtain 


to (222) < (3 (sa ME) H+ soto + 90 


¥ io (“ (d=#? omit —t)+t ) (f(a) + f(b) (g(a) + g(d)). (2.17) 


It can be easily seen that (2.17) gives 


a+b 


16¢(1 — t) fg ( ) < (m*(1 — t)? + 2me(1 — t) + t7)(F(a) + F())(g(a) + g(0)). (2.18) 


Integrating both sides of (2.18) over [0,1], the proof is completed. 


Remarks 2.3. JIfm=1 in Theorem 2.4, we obtain 


“fg (+) < M(a,b) + N(a,b), 


where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a), which is Theorem 2.4 of 
Tung et al. 18), 


Theorem 2.5. Ifm=1 in Theorem 2.4, we obtain 


“fg (=) < M(a,b) + N(a,b), 


where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b) g(a), which is Theorem 2.4 of 
Tung et al. 18), 
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Proof. Since f € m — Q(I) and g is m — MT-convex, we have 


flta+ m(1— 0) < FH(a) + a FO) (2.19) 
Pet iie 2 eh Oa (2.20) 
e = TE a oe 


Multiplying (2.19) and (2.20), we get 
f(ta+m(1 — t)b)g(ta + m(1 — t)b) 


<5 (EF raata) + A playg(o) + 


If both sides of inequality (2.21) are multiplied by mt?(1 — t)?, we have 


m [ea — t)? (f(ta + m(1 — t)b)(g(ta + m(1 — t)b)) dt 
(msta)gla) fH —Ovivi—tat + mplaglo) [1-02 vivT= tat 
0 0 


+f(b)g(a) [ PrV/ty1 — tdt + mf(b)g(b) i t(1 — t)Vtv1 — tdt). (2.22) 


0 
Substituting x = ta + (1 — )b and simplifying completely, inequality (2.22) gives: 


m(mb — x)?(x 


Rf Hteatwiae 


<5 (2 lalate) + £0.90) + mse) + FO)g(a))) 


The proof is completed. 


Remarks 2.4. If we set m = 1 in Theorem 2.5 above, we obtain Theorem 2.1 of 


Omotoyinbo and Mogbademu ©), 


§3. Applications 


We now consider few applications of our results to the following special means of real 


numbers. 
The Arithmetic Mean: A = A(a,b) = (ate) a,b <0. 
The Geometric Mean: G = G(a,b) = Vab, a,b <0 
The Harmonic Mean: H = H(a,b) = au a,b <0 
The following propositions hold: 
Proposition 3.1. If we set m = 1 in Theorem 2.5 above, we obtain Theorem 2.1 of 


Omotoyinbo and Mogbademu ©), 
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Proof. If we set m = 1 in Theorem 2.5 and choose 7 = ath we obtain 


(54)? 4+ (54)? 7 1 1 1 1 il 1 1 
oe 
(b—a)4 b-—a (44°) 2k iy da < 256 on azk © p2k pe akbk — bkak 


Simplifying (3.1), we have 


1 2 1 (3n(a?* + b?*) + 57.2(ab)* 
b (ab)2 


On further simplification, we get 


a + b 1 
S ubstituting into inequality (3 2), the r elation 


0< (a+b)? => ab<" 


2ab \2* a2k 4. p2k 
<x (—~— ], 
a+b 2 


(H(a,b))?* < 7 A(a?*, b?*), 


we obtain 


implying that 


Hence, the result is completed. 


Proposition 3.2. Let f(x) = g(x) =x" , then 
(A(a, b))* < yG?(a¥,b*), 


where y > 0,k € (0, za55): 


Proof. If we set m = 1 in Theorem 2.5 and choose 7 = oth we obtain 


Simplifying (3.3), we have; 


1 fa+b\* 1 2k | 12k kyk 
ao S 55, (3x(@ + b?") + 5(2a"b*)) . (3.4) 


By recalling and substituting the following standard equalities in (3.4) 


b b 2k 
A(a,b) =F" = (a(a,ny)?*= (FP) 
2k 2k 
A(a”?, b?P) = a - — DAG, i) = az* +4 pr 


G(a, b) = Vab => G?(a*, b*) = a*b*, 
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we have 1 

(AG by" < T (37.2A(a?*, b?* + 57.2G?(a*, b*)) 

1 : 
< = (8r(A(a,d))* + 107G?(a*, bY) 

< 7G? (a*,b*), 
where y = ws > 0. Hence, the proof is completed. 
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81. Introduction 
Let 


fs) = Sane, s=o+it (0,t ER). (1) 
n=1 


If an's € C and X,’s € R satisfy the condition 0 < Ay < Az < A3 <... <An---3 An — CO aS 


n — oo and 


log |an 
im oe l@nl _ _ (2) 

: log n 
lim sup =K<o (3) 


then from [1] the Dirichlet series (1) represents an entire function. 

Let X denote the set of all entire Dirichlet series (1) and Y be the set of series (1) for which 
e%MAn (n!)°2la,,| is bounded where c1, cz > 0 and are simultaneously not zero. Let I be the set 
of series (1) for which e%"” |a,,| is bounded. Then by [1] every element of Y and I represents 
entire function. Clearly TC Y Cc X. By putting c, = 1, co = 0, one obtains the condition of 
paper [2] that is e"™|a,,| is bounded whereas c; = 0, co = 1, gives the condition of paper [3] 
which is (n!) |a,| is bounded. If 


(3) = Shane", f(s) = Yared", a(s) = Yi aned* (a) 
n=1 est =A 
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where a(s) € X, f(s) € Y and a(s) € T, define the binary operations i.e. addition and 
multiplication in X x x Y as- 


x(s) +.a(s) + f(s) = So pn Om’, 
x(s).a(s).f(8) = oan Om, 


where 


Pn = Ln + An + An and Qn = In-An-An- 


The following definitions are required to prove main results. 

Definition 1. Let M andT be two additive abelian groups. If there exists a mapping M 
XTX M—M<« such that for all x,y,z € M and a,@ €T the conditions 

1. (w@+ yjaz = xaz+ yaz, 

2.x(a+ B)z = 2az+ xBz, 

3. xa(y + z) = ray + waz, 

4. (cay) Bz = xa(yGz) 
are satisfied then M is called a T-ring. 

An additive subgroup I of M is a left (right) ideal of M if MTI CI (TM C1). If I is 
both a left and a right ideal of M then I is a two-sided ideal or simply an ideal of M. 

Definition 2. A T-ring M is right primitive if 


1. The right operator ring R of M is a right primitive ring. 

2. MVx =0 implies « = 0. 

M is a two-sided primitive T-ring if it is both left and right primitive. A T-ring M is said 
to be primitive if it has a U-faithful irreducible module. 

Definition 3. The additive group N is said to be a T-ring M-module if there is a T- 
mapping from N XT X MN by (n,y,m) > nym such that 

1. ny(a+ b) = nyat+ nyb, 

2. (ny + ng)ya = nya + noya, 

3. (nya)db = ny(adb) 
for alln,ny,n2 € N, a,b € M andy,6 € TV. For the sake of brevity drop T-ring in a T-ring 
M-module and refer it merely as an M-module. 

A submodule of an M-module N is an additive subgroup S of N such that STM CS. N 
is said to be an irreducible M-module if NI'M # (0) and if the only submodules of N are (0) 
and N. 

A generalization of the concept of I'-rings was done by Barnes in [4] where analogues of the 
classical Noether-Lasker theorems concerning primary representations of ideals for [-rings was 
obtained. Luh in [5] and [6] discussed results on primitive [-ring. Kyuno defined the simplicial 
radical of a T-ring M with both left and right unities to be the intersection of its maximal ideals 
in [9]. Luh in [10] extended the notions of simplicity and complete primeness to I-rings. Kyuno 
in [11] introduced the T-ring M-module and defined the Jacobson radical along with the ideas 
of irreducible modules. For all notions relevant to ring theory refer [7] and [8]. Very recently 
Kumar and Manocha in [13] considered the set of all Entire Dirichlet series which formed a 
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T-ring and established various results on prime one-sided ideals and socles for this set. Various 
results have been proved for different classes of entire Dirichlet series where few of them may 
be found in [14-17]. 

The purpose of the present paper is to introduce the notion of a l-ring Y-module and define 
the Jacobson radical J(Y) along with the ideas of irreducible modules. The properties of J(Y) 
and its relation with J(R) is then studied where R denotes the right operator ring of T'-ring Y. 
Later semi-simplicity is defined by J(Y) = (0). Also the relation between semi-simple Y and 
semi-simple R is studied for the class Y of entire functions represented by Dirichlet series. 

Clearly X and Y form T-ring. Let G be a free abelian group generated by the set of all 
ordered pairs (a(s), f(s)) where f(s) € Y and a(s) € T. Let T be a subgroup of elements 
S—mi(ai(s), fi(s)) € G where m, are integers such that S © mj{a(s).0(s). fi(s)} = 0 for 


all a(s) € Y. Denote by R the factor group G/T and by [a(s), F(s)] the coset (a(s), f(s)) + 
T. Clearly every element in R can be expressed as a finite sum S“lai(s), fi(s)]. Also for all 
fils), fols) © and G(s) €L 
[a(s), fi(s)] + [6(s), fi(s)] = la(s) + B(s), fi(s)] 
[a(s), fi(s)] + la(s), fa(s)] = [a(s), fils) + fo(s)].- 
Define the multiplication in R by 


dclai(s), Fi(s)]. ¥718;(8),.95(8)] = Slai(s), fel(s)-8)(8)-95(8)] 


i j aj 
Then R forms a ring. Furthermore Y is a right R-module with the definition 
a(s). S“lai(s), fils)] = S “{a(s).au(s).fi(s)} for all a(s) € Y. 
The ring RF is called the right operator ring of T-ring Y. Similarly the left operator ring DL of Y 
can also be defined. 


§2. Main Results 


In this section main results are proved. 

The additive group X is said to be a I-ring Y-module if there exists a T-mapping (T- 
composition) from X x . x Y > X by {z2(s),a(s), f(s)} — x(s).a(s). f(s) € X where 2z(s), 
a(s) and f(s) are as given by (4). Now let x1(s),xvo(s) € X, G(s) € T, fils), fo(s) € Y such 
that 


Co Co 
x1(s) = Znie*, 2a(a) = Ma Paseo, 
n=1 n=1 


co co 
Alay=>_ age", PG)= So aye, 
n=1 n=1 
and 


B(s) = > Bne**. 
n=1 
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Clearly X is a Y-module. Also X is a [-faithful Y-module if XT. f(s) = (0) forces f(s) = (0). 
For a Y-module X we define Ay(X) = {f(s) € Y|XT.f(s) = (0)}. 

Lemma 2.1. If X is a Y-module then Ay(X) is a two-sided ideal of Y. Moreover X is 
a T-faithful Y/Ay (X)-module. 


Proof. Ay(X) being a right ideal of Y is obvious from the axioms for a Y-module. Now we are 
required to show that Ay(X) is a left ideal of Y for which, 


XT(YTAy(X)) = (XTY)PAy(X) € XPAy(X) = (0) 


which implies 
YPAy(X) € Ay(X). 


Thus Ay(X) is a two-sided ideal of Y. Now make of X a Y/Ay(X)-module as for x(s) € 
X, a(s) € and f(s)+Ay(X) € Y/Ay(X), the action x(s).a(s).(f(s)+Ay(X)) = 2(s).a(s). f(s). 
If fi(s) + Ay(X) = fo(s) + Ay(X) implies fi(s) — fo(s) € Ay(X) which further implies 
that «(s).a(s).(fi(s) — fo(s)) = (0). Thus 2(s).a(s).fi(s) = «(s).a(s).fo(s). The action of 
Y/Ay(X) on X is well-defined. Finally show that X is a I-faithful Y/Ay(X)-module by 
x(s).a(s).(f(s) + Ay(X)) = (0) implies x(s).a(s). f(s) = (0). Thus f(s) € Ay(X) which im- 
plies that only the zero element of Y/Ay(X) annihilates all of X which completes the proof. 


Lemma 2.2. X is an irreducible Y-module if and only if X is an irreducible R-module. 


Proof. Let X be an irreducible Y-module which implies XTY = X. Now make an R-module 
from X by defining S“lai(s), fi(s)] © R for x(s) € X. The composition 


If 
> (oi(s), fils) + T = > (Gi(9), g;(s))+T 
implies 
Y (oils), £(3)) = D1Gi(6),95(9) €7 
Since 
XT = (XTY)T = XT(0) = (0) 
implies 


x(s). {Tio fi(s)) — Exaco.nion} =0 


which further implies 


z(s). > \(ai(s), fi(s)) = 2(s). >(Gi(8), 95(8))- 


a 
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Thus the composition from X x R — X is well defined. Let X’ be an additive subgroup of X 
such that X’R C X’. Since X’R = X'\T,Y] = X'TY which implies X’TY C X’. Therefore X’ 
is a submodule of a Y-module X. Since X is irreducible implies X’ must be X or (0). Thus X 
is an irreducible R-module. 

Conversely let X be an irreducible R-module. Define x(s).7(s).f(s) = x(s)[y(s), f(s)] a 
similar argument as in the proof above will show that X is an irreducible Y-module. Thus the 


proof is completed. 


Let R be the right operator ring of a-ring Y. A right ideal 7 of R is said to be regular if 
there is g(s) € R such that p(s) — ¢(s)-p(s) € 7 for all p(s) € R. 

Lemma 2.3. Let R be the right operator ring of a T-ring Y. If X is an irreducible 
Y-module then X is isomorphic as an R-module to R/n for some maximal regular right ideal y 


of R. Conversely for every maximal regular right ideal n of R, R/n is an irreducible R-module. 


Proof. Let X be an irreducible Y-module. Since A = {2(s) € X|a(s)['Y = (0)} is a submodule 
of X and is not X it must be (0). Equivalently if x(s) # 0 is in X then 2(s)TY F (0). 
However x(s)'Y is a submodule of X hence x(s)TY = X. By Lemma 2.2, X is a R-module 
and so we define ¢: R — X by ¢(r(s)) = a(s).r(s) for every r(s) € R. Clearly ¢ is a 
homomorphism of R into X as R-modules. Since x(s).R = x(s)[TY = X. Thus ¢ is surjective. 
Finally Ker¢ = {r(s) € R|x(s).r(s) = 0} is a right ideal 7. Thus by standard homomorphism 
theorem X is isomorphic to R/7 as a R-module. Any right ideal of R which properly contains 
7 maps into a submodule of X. Hence 7 is a maximal right ideal in R. Since x(s).R = X 
there exists an element g(s) € R such that 2(s).q(s) = x(s). Therefore for any p(s) € R 
we have 2x(s).q(s).p(s) = «(s).p(s) which implies 2x(s).(p(s) — g(s).p(s)) = 0. This implies 
p(s) — q(s).p(s) € 7. Converse can be shown easily hence we omit the proof. This completes 


the proof. 


The Jacobson Radical of a T-ring Y written as J(Y) is the set of all elements of Y which 
annihilate all the irreducible Y-modules. We note that J(Y) = (] Ay(X) where intersection 
runs over all irreducible Y-modules X. Since Ay(X) is a two-sided ideal of Y by Lemma 2.1, 
thus J(Y) is also a two-sided ideal of Y. 

In ordinary ring theory, for the right operator ring R of a T-ring Y we have J(R) = 
()Ar(X), where intersection runs over all irreducible R-modules X and Ar(X) = {r(s) € 
R|X.r(s) = (0)}. 

Theorem 2.1. If Y is aT-ring and R is the right operator ring of Y then J(Y) = J(R)* 
and J(R) = J(Y)*. 


Proof. 


Ay(X)" = {r(s) € R|Y.r(s) C Ay(X)} 
= {r(s) € R|XTY-r(s) = (0)} 
= {r(s) € R|X.r(s) = (0)} 
= Ap(X). 
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Also 
Ap(X)" = {f(s) € YI, f(s)] C Ar(X)} 
= {f(s) € Y|XTf(s) = (0)} 
= Ay(X). 


By these facts and Lemma 2.2, we have 


JY)" = {Ay (X)}" =) Av (X)" =) Ar(X) = JR). 


Similarly 
J(R)* = {( )Ar(X)}* =) Ar(X)* =) Ay (X) = JY). 


Hence the proof is completed. 


A T-ring Y is said to be semi-simple if J(Y) = (0). 
Theorem 2.2. Jf aT-ring Y is semi-simple then the right operator ring R of Y is also 


semi-simple. 


Proof. Let (0)y be the zero ideal in Y and (0)p be the zero ideal in R. J(Y)* = (0)y* = 
{r(s) € R|Y-r(s) = (0)y } = (0)r, for Y is a faithful R-module. Hence by Theorem 2.1, we have 
J(R) = (0)r. This completes the proof of the theorem. 


Theorem 2.3. Let aT-ring Y be aT -faithful Y-module that is YT f(s) = (0) implies 
f(s) = (0). If R is semi-simple then Y is semi-simple. 


Proof. Since Y is T-faithful, J(R)* = (0)r* = {f(s) € YI, f(s)] = ()r} = {f(s) € 
Y|YT f(s) = (0)r} = (0)y. This implies J(Y) = 


(0)y. Hence the theorem is proved. 


For the right operator ring R of a T-ring Y define (7 : R) = {p(s) € R|R.p(s) C n} where 
7 is the right ideal of R. 

Lemma 2.4. Apr(X)=(n: R) is the largest two-sided ideal of R which lies in n where n 
is a maximal regular right ideal of R and X denotes R/n. 


Proof. If p(s) € Ar(X) then X.p(s) = (0) implies (r(s) + 7).p(s) = 7 for all r(s) € R. Then 
R.p(s) C n. Hence Ar(X) C (1: R). Similarly (yn: R) C Ar(X) implies AR(X) = (7: R). 
Since 7 is regular there is q(s) € R with p(s) — q(s).p(s) € 7 for all p(s) € R. In particular 
if p(s) € (7 : R) then since q(s).p(s) € R.p(s) C 7m we get p(s) € 7. Thus the proof is 
completed. 


By Lemma 2.3 and Lemma 2.4, Ay(X) = (1: R)* and so by the definition of J(Y) one 
gets 

Theorem 2.4. J(Y)=()(n: R)* where n runs over all the maximal regular right ideals 
of R and where (ny: R) is the largest two-sided ideal of R lying in n. 
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Definition 4. An element f(s) of aT-ring Y is said to be right-quasi-regular (abbreviated 
as rqr) if for any a(s) € T the element [a(s), f(s)] of the right operator ring R of Y is right- 
quasi-regular in the usual sense. That is to say f(s) is rgr if for any a(s) € T there exists 

n 


S“lai(s), gi(s)] in R such that 


[a(s), F(s)] + > Ulai(s), 9(8)) — la(s), F(s)] > Ulei(s),9:(s)) =0 


that is 


n 


g(s).o(s).f(s) + DS 9(8)-0i(s).9:(s) — } 9 (9(s)-a5)-(8))-ax(s)-9i(8) = 0 


i=1 
for all g(s) € Y. 
Theorem 2.5. J(Y) is a right-quasi-regular ideal and contains all right-quasi-regular 
ideals of Y. 


Proof. Ordinary ring theory shows that J(R) is rqr ideal of R and contains all the rqr right 
ideals of R ( [12] p.12). Clearly as shown before J(Y) = J(R)* = {f(s) € YL, f(s)] C J(R)}. 
If f(s) € J(Y) then for any a(s) € T, [a(s), f(s)] € J(R) implies [a(s), f(s)] is rqr that is 
f(s) is rqr. Let X be a rqr ideal of Y. Thus it remains to show that [a(s),X] C J(R) where 
a(s) €T. If a(s) € X then 2(s) is rqr implies [a(s), x(s)] is rqr. Since X is a right ideal of Y, 


[o(s), X][P, Y] = [a(s), ATY] C [a(s), X] 


and hence [a(s), X] is a right ideal of R. Thus [a(s), X] is a rqr right ideal of R. This implies 
[a(s), X] C J(R) which completes the proof of the theorem. 


Lemma 2.5. AT-ring Y is isomorphic to a subdirect sum of T-rings S;, i € U if and 
only if for each i € U there exists in Y a two-sided ideal K; such that Y/K; = S;, moreover 
() K = (0). 
icU 

Theorem 2.6. AT-ring Y is primitive if and only if the right operator ring R is primitive 


and YT.f(s) = (0) forces f(s) = (0). 


Proof. Let Y be a primitive [-ring and X be a [-faithful irreducible Y-module. By Lemma 2.2 
X is an irreducible R-module. If X.r(s) = (0) implies XT'Y.r(s) = (0) and so Y.r(s) = (0) which 
further implies r(s) = (0). Thus X is faithful. If YT. f(s) = (0) we get (XTY)I.f(s) = (0) 
implies XT. f(s) = (0) and hence f(s) = (0). 

Conversely let X be a faithful irreducible R-module. By Lemma 2.2, X is an irreducible Y- 
module. To show that X is I-faithful we assume that XT’. f(s) = (0) which implies X[T, f(s)] = 
(0) thus [T, f(s)] = (0). Hence YT.f(s) = (0) implies f(s) = (0). Thus the proof is completed. 


Theorem 2.7. AT-ring Y is primitive if and only if there exists a maximal regular right 
ideal n in R such that (yn: R)* = (0) where R denotes the right operator ring of Y. A primitive 


T-ring is semi-simple. 
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Proof. Let Y be a primitive [-ring and X be a [-faithful irreducible Y-module. By Lemma 
2.3, there exists a maximal regular right ideal 7 in R such that X is isomorphic to R/7n as an 
R-module. Lemma 2.4 shows that (7 : R)* = Ay(X). Since X is T-faithful Ay(X) = (0). 
Thus (7: R)* = (0). Now let 7 be a maximal regular right ideal of R. Put X = R/n. Since 
Ay(X) = (7: R)* = (0). Finally J(Y) = (\(7 : R)* where 7 runs over all maximal regular 
right ideals of R. Thus J(Y) = (0). Hence Y is semi-simple. This completes the proof of the 


theorem. 


Theorem 2.8. A T-ring Y is semi-simple if and only if it is isomorphic to a subdirect 


sum of primitive D-rings. 


Proof. Let Y be a semi-simple [-ring. By Theorem 2.4, J(Y) = (\(y: R)* where 77 runs over all 
maximal regular right ideals of R. Since Y is semi-simple implies ()(n : R)* = (0). By Lemma 
2.5, Y is isomorphic to a subdirect sum of the Y/(7 : R)*. By Lemma 2.1 and 2.4, Y/(7 : R)* 
is primitive. Therefore Y is isomorphic to a subdirect sum of primitive [-rings. 

Conversely suppose that Y is isomorphic to a subdirect sum of the rings Yy = Y/Kg. 
Therefore () Ky = (0). If the rings Yq are all primitive they are semi-simple. Since J(Y) maps 
into a quasi-regular right ideal of Y;. Hence J(Y) C Ky which implies J(Y) C ()K¢ = (0) 
proving that Y is semi-simple. Thus the proof is completed. 
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Abstract In this paper we studied m-quasi N-class A; operator, where k is positive integer, 
which coincides with m-quasi N-class A operator for k = 1. We prove that if T is m-quasi 
N-class A, operator then T is finite ascent, we prove that T is an isoloid and Weyl’s theorem 
holds for T and f(T’), where f is an analytic function in a neighborhood of the spectrum of 
T. We also show that Aluthge Transformaion of m-quasi N-class A; operators. 
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81. Introduction 


Let T € B(#) be the Banach algebra of all bounded linear operators on a non-zero complex 
Hilbert space H. By an operator T, We mean an element form B(#H). If T lies in B(H), then 
T* denotes the adjoint of T in B(H). An operator T is called paranormal if ||7?=| > ||Tx||? 
for every unite vector x € H. An operator T belongs to class A, if |T?| > eae An operator T 
is called n-perinormal for positive integer n such that n > 2, if T*"T" > (T*T)".An operator T 
is called k-paranornormal for positive integer k, if |Z oa || > ||Tal|**? for every unit vector in 
x € H. For 0 < p< 1, an operator T is said to be p-hyponormal if (T*T) > (TT*)? ifp=1,T 
is called hyponormal. An operator T is called log-hyponormal if T is invertible and log (T*T) > 
log(TT*). An operator T is said to be class A(k) for k > 0, if (T* |T|?* T ines |T|?. An 
operator T is called normaloid if r(T) = ||T'||, where r(Z) = sup {|A| : \ € o(T)} and isoloid if 
every isoloid point of o(T) is an eigen values of T. We defined an operator T € B(H) as N-class 
Ay if (7? <N (oer |) aa for a positive integer k. If k = 1, then N-class A; coincides with N- 
class A operator. We have shown that p-hyponormal operators and log-hyponormal operators 
are class A, operators, for every positive integer k and class Az operators are k-paranormal 
operators. 

In this paper, we introduced a new class of operator is called m-quasi N-class Ay, operators 


for each positive integers k,m and N, which is superclasses of class A, operators and prove 
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that weyl’s holds for m-quasi N-class A; operators. 
class A C class A, C N-class Az C quasi N-class Az,C m-quasi N-class A; 


§2. Definition and examples 


In this section m-quasi N-class A; operators are defined and show that an example. It is 
shown that powers and inverse of an invertible class A operator are m-quasi class A, for all 
positive integers k,m and N. 


Definition 2.1. An operator T € B(#) is said to be m-quasi N-class A; for some positive 
integers k,m and N if 
pee ey 
Tem liz? _ N (er) a Tm < 0 


Proposition 2.2. An operator T € B(H) is defined to be m-quasi N-class A; for some 

positive integers k,m and N if 

k =1 the m-quasi N-class A, operator coincides m-quasi N-class A. 

k =1,m=1 the m-quasi N-class Ay, operator coincides quasi N-class A. 

m = 1 the m-quasi N-class Ay, operator coincides quasi N-class Ax. 

k =1,N =1 the m-quasi N-class A; operator coincides m-quasi class A. 

N =1 the m-quasi N-class A, operator coincides m-quasi class Ax. 

m= 1,N =1 the m-quasi N-class Az operator coincides quasi class Az. 


PO? TOE RB Osi Ror 


k =1,m=1,N =1 the m-quasi N-class Az operator coincides quasi class A. 


Example 2.3. Suppose taht H is the direct sum of a denumerable number of copies of 
two dimensional Hilbert space R x R and A and B two positive operators on R x R. For any 
fixed positive integer n, define an operator T = T'4 3,, on H as follows: 


T (x1, %2,2%3,...-Un) = (0, A (21) ,A(te2),.-A (an), B(an41) -.) 
Its adjoint T* is given by 


T* (a1, £2, 03,....4n) = (0, A (a1), A(a2),..A (an), B(@n41) --) 


For n > k, T = T4,B.n is qusi N -class A; if and only if A and B satisfies 
NA™ (Ab+-i pi 4hti-i) eA A™ > Ax (2tm) 


0 1 1 
fori =1,2,.k. If A= and B= , then T = T,4 py is of quasi N-class Ag. 
0 


1 1 
Since $ > 0 implies T*”ST™ > 0, the following result is trivial. The convers is true, if T 


Oo NF 


is invertible. 
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Thoeorem 2.4. If T € B(H) is N-class A, , for some positive integer k > 1, then T is 
also quasi N-class Ax. 


Thoeorem 2.5. If T € B(H) is N-class A, , for some positive integer k > 1, then T is 
also quasi N-class Ax. 


Thoeorem 2.6. If T € B(H) is N-class Ay, operator for some positive integer k > 1, then 
T* is N-class A; operator. 
Form Theorem 2.5 and 2.6, we get the following results. 


Thoeorem 2.7. Let T be an invertible m - quasi N-class A; operator then, 
1. T is m-qusi N-class A; operator for every positive integer k. 
2. m-qusi N -classA; C qusi N -class Az m-qusi N -class Ag C....... 
3. For all positive integer n, T” is m-quasi N-class Az, operator for every integer k. 
4, T~! is m-quasi N-class A, operator for every positive integer k. 


Thoeorem 2.8. [15] If A, B € B(H) satisfy A > 0 and ||B|| < 1, then (B*AB)° > B* A°B 
for all 6 € (0, 1]. 


Thoeorem 2.9. [15] If A is a positive operator, then the following inequalities hold for all 


(Ax, x)" ||x||? (1 —r) for lO<r<1. 
(Ax, x)" ||x\|? (1 —r) for r > 1. 


Thoeorem 2.10. If T € B(H) is m-quasi N-classA, operator if and only if 
2 
Iretal|? < NTE m2 || FF TM 2|| FT for all x € H. 


Proof. From by the definition of m-quasi N-classA, operator for every x € H. 
Bs, 
Tem [Vv kee k+l ir? Tm > 0 


0 < Tem [Vv Lert 


EAT 2 
wa] T™ —_ Ri iz" Te 


_2_ 
Dey ee ee er ee 
2, 
0< (N eet ee are = (ir? Te) 


1 


k+1) Get m m RAT m 72k m+1 m+1 
0<N(|T ee pe ) Dal] ete — (TM +1g, T+) 


2 2 


0> r"*e|” _N rettHa| EFI |Tar|] Ft 
k 


ra? alee eae 
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Thoeorem 2.11. If T is m-quasi N-classA; operator for a positive integers k,m and N 
then T is (m+ 1)-hyponormal. 


Proof. From by the definition of m-quasi N-classA, operator for every x € H. 
rN re+t Ir?] T™ > 0 
T™ (TXT) T™ < Tm (Tmt) HT pm 
Tem p(m4l) < N er aa) mT 
Pere Sere, 


Therefore T is (m+ 1)-hyponormal. 


§3. Aluthge Transformation of m-quasi N-class A; operators 


In this section it is shown that if T is m-quasi N-classA; operator, Then T™* is also m-quasi 
N-classA;, operators, iff = U|T| be the polar decomposition of T then T is m-quasi N-classA, 
operators and if T is m- quasi N-classA;,, then T) is also m- quasi N-classA; operators are 
proved. 


Defintion 3.1. [1] Let T = U|T| be the polar decomposition of an operator T’, then 
~ 1 1 
T =|T|? U|T|? is the Althuge transformation. 


Thoeorem 3.2. [19] If T is a bounded linear operator on Hilbert space then we know that, 
(i). T =U |T| = |T*|U is the polar decomposition of an operator T. 
(it). T* = U* |T*| = |T| U* is the polar decomposition of an operator T. 


Thoeorem 3.3. If T is N-classA(k)operator then T is N-classA, operator. 


Thoeorem 3.4. If T is m-quasi N-classA; operator then T* is m-quasi N-classA, operator. 
Proof. From by the definition of m-quasi N-classA; operator for every x € H. 
Tm [V ett) ir?| T™>0 
(Pre en Cary aia a 
(rery ry) < n ferry 


Te(mtl) p(m+l) < N cea) +1 


Tem [w ree 


coo rr T™ > 0. 
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Therefore T* is m-quasi N-class Az operators. 


Thoeorem 3.5. If T is m-quasi N-classA; operator then T~! is m-quasi N-classA, oper- 
ator. 

Thoeorem 3.6. Let T is m-quasi N-classA;, operator for a positive integers k,m and N, 
S is a unitary operator then C = T'S is m-quasi N-classA, operator. 


Proof. From by the definition of m-quasi N-classA; operator for every x € H. 


Tem [Vv er ee _ ir] Tm > 0 
(T*T) m-+1 2 ‘ (T*T) ae a HI 


yet 


(C*C) iret) <N ae 


(78)"(rs))") <n sytem) 


aot, 
Tem 7 Tm Ps NT” ce RAT pm 


Therefore C = TS is m-quasi N-classA, operators. 


Thoeorem 3.7. Let T = U |T| € B(H) be the polar decomposition of m-quasi N-class A; 
operator for a positive integers k,m and N, then T is m-quasi N-classA;, operators. 


Proof. From by the definition of m - quasi N - classA, operator for every x € H. 
2 
Tm [Vv eee k+l ir] rm = 0 
oe 
Tem (T*T) Tm < NT*™ ro) k+1 Tm 
1 


pe(mt+1)p(m+1) <N (oer) RAT 


(ist oats 2 ease ila al 
1 


(| |UIT)"t<N {(u" IT*| U ae U 


7 1\mrl 1 1\ (k+1+m) FHI 
(ini? oy ir") <4 (Ie ore iri) \ U 


1 1\mt1 1 1\ (k+1+m) FHI 
(indo rir)" cw { (intone ire) 


m+1 (k+1+m) 
ou (ir in 8) "ys wor f(r ie ir) = U 


~ na\m+il ~ ~\ (k+1+m)) FT 
(7'T) 2 n{ (#7) \ 


fe 2 oo a, ae Agi 
pam 7| Tm < NT*™ rage EFI Tm 


Therefore T is m-quasi N-class A, operators. 
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Thoeorem 3.8. Let T = U |T| € B(H) be the polar decomposition of m-quasi N-class A; 
operator for a positive integers k,m and N, then T* is m-quasi N-classA, operators. 


Proof. From theorem 3.7.Using |T| = U* |T*|U we get T* is m-quasi N-classA, operators. 


84. x - Aluthge Transformation of m-quasi N-classA; oper- 
ators 

In this section to proved T is « - Aluthge Transformation of m-quasi N-classA; operator 
is adjoint of x - Aluthge Transformation of m-quasi N-classA; operator and if T is adjoint of * 


- Aluthge Transformation of m-quasi N-classA, operator is adjoint Aluthge Transformation of 
m-quasi N-class A; operators, Tiss is m-quasi N-classA, operator are discussed. 


T. Yamazaki [19] has defined the following « - Aluthge and adjoint of « - Aluthge trans- 
formation and powers of p - hponormal operators. 


Definition 4.1. [19] Let T = U|T| be the polar decomposition of an operator T, then 
~ 1 1 
«-Althuge transformation T is T@) = |T*|? U|T*|?. 


Definition 4.2. [19] Let T = U|T| be the polar decomposition of an operator T. Then 
adjoint of « - Aluthge transformation T is (7) - |r|? U* |T*|2. 


Thoeorem 4.3. [19] If T is a bounded linear operator on a Hilbert space, Then we know 
that 

ae 1 1 Ree 
(i). T =|T|? U|T|? is the Aluthge transformation then adjoint of aluthge transformation T* 

~ 1 1 

is given by T“) = |T|? U*|T|?. 
(ii). TO = Gy = |T* |? U|T* |? is the * - aluthge transformation then adjoint of * - aluthge 
transformation (7) - \T*|2 U* \T*|2 ; 

Thoeorem 4.4. Let T = U |T| be the polar decomposition of an operator T, then Althuge 
transformation Ties is defined has Tass =r ry \T\ for an s,t such that S > 0 and t > 0. 


Thoeorem 4.5. Let T is m - quasi N - class A, operator for a positive integers m, k and 
N then (7) is m - quasi N - class Ax operator. 


Proof. From by the definition of m - quasi N - classA, operator for every x € H. 
2 
=2 
agi aera Oa ala 


3 Oe 1 1\ (k+14m)) FHT 
us (in|? Ut | UT") u< nor { (rior rote) \ U 
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1 1 a a\mtl 1 1 ‘i 1\ Gtiden) ) FT 
U* (iri? U* |T*|? |T*|? u|r*|*) u< wort (ini UF |F* 2 T*|? u|T|*) \ U 
2 es m+1 a —_ (k+1+m) FHI 
ore) 7) eur { (7) 7) \ U 
= ae ee «12 7 m a am | 7a «k+1 
(7) F) | FO)" sn (FO) (7) 


Therefore (7) is m-quasi N-classA; operators. 


Thoeorem 4.6. Let T is m - quasi N - class A, operator for a positive integers m, k and 
N then T) is m - quasi N - class A; operator. 


Proof. From the Theorem 4.5 using |T*| = U*|T*|U we get T™) is m - quasi N - classA, 
operators. 


Thoeorem 4.7. Let T) is m - quasi N - class A, operator for a positive integers m, k 
and N then T* is m - quasi N - class Ay operator. 


Proof. From the definition of m - quasi N - classA, operator for every x € H. 

(rer) z n {errr 
ree sce ~~ \(k+1+m) EET 

(77") <N { (77) \ 

a cat a\ mt 1 14 1\ (k+14+m) FHI 
ue (in? ir}? iro |r|?) U < NU* (in? ore? ire or?) U 
ae, oh WEL ~ ~\k+m+1 aT 
U* (77) U < NU* { (#7) \ U 


2 ~ ~ 2 ~ 
Tem \T|? Tm = NT” jee RAT pm 


Therefore T* is m-quasi N-class A; operators. 


Thoeorem 4.8. Let T) is m - quasi N - class A; operator for a positive integers m, k 
and N then T is m - quasi N - class A; operator. 


Proof. From the Theorem 4.7 using |T*| = U* |T| U we get T is m - quasi N - classA, operators. 


Thoeorem 4.9. Let T) is m - quasi N - class A, operator for a positive integers m, k 
and N then T is m - quasi N - class A; operator. 


Proof. From the Theorem 4.6 ans 4.7 then we get T ism - quasi N - classA; operators. 


Thoeorem 4.10. Let T) is m - quasi N - class Ay, operator for a positive integers m, k 
and N then T* is m - quasi N - class A; operator. 
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Proof. From the Theorem 4.9 using |T*| = U*|T'|U then we get T* is m - quasi N - class A, 


operators. 


Thoeorem 4.11. Let T = U|T| be the polar decomposition of an operator for a positive 
integers k,m and N for 0 < p <1, then T,, = |T|°U|T|* is 2{(1 + m) + min(s, t)} quasi N - 
class A;, operator for s,¢ > 0 such that maz (s,t) > p. 


Proof. From by the definition of m - quasi N - classA; operator for every x € H. 


pe(mt))p(mt+]) < N (Gong mH 


i. ee m+1 ‘Bee. He (k+1+m) ret 
(TT) <4 (FF.) \ 


t 8 8 t mph t s s t Cele) a 
(inion ire ire ry) <w{ (Ir Ure ry Url) \ U 


1 
m+1 (k+1+m)) ®+T 
t 4\m+l t + (k+1+m) EET 
u* (g4A%a#) ~ U < NU" { (38478!) \ U 


ae ee 
Ut gata) tei 77 < NU* { (pre painieo) | k+1 1 


Tem Fa cae aes Fm < NT" pees PO rn tone ae am 


Therefore 2 {(1 +m) + min (s,t)} is m-quasi N-classA;, operators. 


§5. Matrix Representation 
In this section Matrix representation of an operator is used to study various properties of 
S 
an operator. T = for class A operator with respect to direct sum of closure of range 


of T and kernel of T*. We extened this to m - qausi N-class A; operator. 


Thoeorem 5.1. Let T be a m - qausi N-class Ax, operator for a positive integers k,m 
: ; . an, ae 
and N with no dense range and T has the following representation T = on H = 
0 Ts 
ran(T™)@ran(T*™), then T, is m - quasi N-class A; operator on ran (T™) and T3 is nilpotent. 
furthermore o(T) = o(T;) U {0}. 


Proof. Consider the matrix representation of T with respect to decomposition H = ran(T) ® 


A S$ 
ker (T) T= let P be the orthogonal projection of H onto ran(T) then T; = PTP = 
0 0 
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TP since T is m - quasi N - class Ay operator we have, 


P [w (ini) i wi P>0 

rine year 
7h (gabriel) ae " P 
N[ 


prrk+ipet p] eA 
coe 0 

0 0 

ITER 9 

0 0 


P(e)" 


> |r? 
In|? 0 
= (1) 
0 60 
Hence On ran(T™). Also for any 7 = ie eH 
XQ 
(T3"r9,23) = (T'™ (I — P)ax, (I — P)x) 
= (I — P)a, T°" (I — P)) 
=0 
= 0. (2) 


since o(T\) Uo(T2) = o(T) Ut, where 7 is the union of the holds in o(T) which happen to 
be subset of o(T,) MN o(T2),and o(T\) N o(T2) has no interior points therefore we have o(T) = 
o(T,) U {0}. 


Since A, operators are isoloid, The following results follows immediately 


Corollary 5.2. Let T € B(H) be m - quasi N - class Ax operator for a positive integers 
yy 

k,m, N and T not have dense range. If T has the following representation T = on 
0 0 


H =ran(T) © kerT™, then T, is isoloid. 


86. SVEP of m - quasi N - class A; operators 


In this section, it is proved m - quasi N - class Ax operators are isoloids, they finite ascent 
and SVEP. 


Vol. 12 Weyl’s theorem for m-quasi N-class A; operators 41 


Thoeorem 6.1. If Tis m - quasi N-class A; operator for some positive integers k,m and 
N then T is an isoloid. 
T, To —— : 2 
Proof. T = on H = ran(T™) ®@ kerT*™ and Ao be an isolated point of o(T). Then 
0 0 
either Ap = 0 or 0 ¥ Ao € isoo(T;). Since T; is isoloid, if Ao € isoo(T)), then Ao € op(T1) 
and hence Ao € op(T') On the contrary, if Ao = 0 and Ao ¢ op(T1), then T; is invertible. Since 
dimkerT; # 0, there exists x £ 0 in kerT3 and for any x 40 in H. T (-Ty Tox ® x) = 0. 
Hence —T, 'Tox @ x € kerT and Xo € o,(T1). Hence in both cases, Ao is an eigenvalue of T. 


Therefore T is isoloid. 


Thoeorem 6.2. If Tis m - quasi N-class A, operator for some positive integers k,m and 
N, for \ € C, o(T) = A then T = 1. 


Thoeorem 6.3. If Tis m - quasi N-class A; operator for some positive integers k,m and 
N, for \ € C, o(f) = A then T = A if A 4 0 and T — 1 is nilpotent, if \ = 0. 


T, T: a: 
Proof. f\ =0 ,T = ‘ ‘ on H = ran(T)™ @ kerT*™, where T, is N-class A; operator 
0 0 
and o(T) = 0(T,) U0. Hence A(T) =. Hence by theorem 6.2, T; = 0. Hence T™ = 0. Hence 
T — X is nilpotent. Assume that \ 4 0. Then T is an invertible m - quasi N-class A; operator 
and hence N-classA, with o(T’) = A. Then again by theorem 6.2 T = . 


Thoeorem 6.4. If T is quasi N-class A, operator for a positive integers k,m , N and M 
is an invariant subspace of T’, then the restriction T),, is N-class Ax. 
Thoeorem 6.5.If T is quasi N-class A, operator for a positive integers k,m , N and 


XT: 

0#2X€9,(T) and T is of the form T = *) on H ker(T — ) @ ker(T — 2)+, then 1. 
0 Ts 

T> = 0, 2. Tz is m- quasi N - class Ax. 


Proof. let P be the orthogonal projection of H onto ker(T — 2). since T is m - quasi N - class 
Ax, T satisfies, 
EaT 
P [w (ini?) - re P >0 
2 =. 
P lw (ini***) “| Pip [w (an )* ‘ P 
=P eye |p 


< N [Pree rey KET 
= 


Pager 
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> P|TPP 
JAI? 0 
0 O 
Hence 
2 
NP ret wr Pe Er 
0 O 
=P|A?P 
—2_ 
Therefore N PR FT is the form 
2 2 
ae, A|\O A Al 0 2 
Nie = | | | | = P|T*)? p= PN |Te| FA P,A=0 
A* B 0 O 
Therefore, 
2 
0 B 
and 
2(k+1) 
N re)? = || 0 
0 Brkti 
This implise that 
MT, +... + ToT$ = 0. (3) 


and 


B= NTE 


Therefore 


o<T™(N ret) rT r= 


Where X = 0, Y = —A7~™*!T5T2" and 


xX Y 
¥* - 7 


—— (tas ihe saat aes XT3™ 


ae eas Cam 


13" |TeP TP 


A matrix of the form 


To +... + ToT3"*) 


—2_ 
+75” (w a= ir) T;" 


> 0 if and only if X > 0, Z>0 and Y = X2W2Z3, for some 


contraction W. Therefore , T2T; = 0. This together with \*T2 + \*—!TT3 + .... + pay ey =0 


gives that Tz = 0 and 73 is m-quasi N - 


class A, operators. 
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Corollary 6.6. If T is m - quasi N - class A; operator for some positive integers k,m and 
rA 0 —arereres 
N,O0#4A€<9,(T), then T is of the form T = on (T — A) ® ran(T — A)*, where T3 is 
0 Ts 
m - quasi N - class Ay and ker(T — ») = 0. 


Corollary 6.7. If T is m - quasi N - class A; operator for some positive integers k,m and 
N, then (T — A)x = 0 for \ #0 and w € H, then (T — \)*2 = 0. 


Proof. If X € isoo(T), the spectral projection FE, of T with respect to » is defined by Fy, = 
oni Jap(2 — T)~'dz where D is a closed disk with centre at \ and radius small enough such 
that DN o(T) =. Then E} = Ey, ExT = TE), o (Tin, ) = and ker(T — A) C EyH. 


Theorem 6.8. If T is m- quasi N - class A; operator for some positive integers k,m and 
N, then T is of finite ascent. 


Proof. If \ #0, ker(T — ) © ker(T — d)*. Hence if x € ker(T — A)?, then ||(T — A)al|? = 
((T — A)*(L — A)x, x) = 0 which implies x € ker(T — X). Therefore ker(T — A)? = ker(T — )). 
If X = 0, by let 0 4 & € kerT*t?. x € kerT? C kerT*+!. Therefore kerT*+? = kerT*+}. 
Hence T is finite asecent. 


§7.Weyl’s theorem for m - quasi N - class A; operator 


In this section it is shown that weyl’s theorem holds for quasi N-class A, operators ,quasi 
N-class A, operators have index less than or equal to zero , spectral mapping theorem for 
weyl’s spectrum holds and also that weyl’s theorem holds for any function of quasi N-class A; 
operators, which is analytic in a neighborhood of the spectrum of quasi N-class A, operators. 


Theorem 7.1. For given operators A,B,C € B(H), there is equality w(A) Uw(B) = 
C 
w(M.)U,, where M, = and 7 is the union of certain holes in w(M.) which happen to 
0 B 
be a subset of w(A) MN w(B). 


Theorem 7.2. If T is a N-class A; operator for a positive integer k, then f (w(T)) = 
w(f(T)) for every f € H (o(T)). 


Theorem 7.3. Suppose A € B(H) and B € B(H) are isoloid. If weyl’s theorem holds for 
0 
A and B, and if w(A) Nw(B) has no interior points, then weyl’s theorem holds for : 
B 


Theorem 7.4. If either SP(A) or SP(B) has no Pseudhoholes and if A is an isoloid 
operator for which weyl’s theorem holds then for every C € B(K, H),weyl’s theorem holds for 
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= weyl’s theorem holds for 
0 


Theorem 7.5. If T € B(#H), then the following are equivalent 
1. ind(T — AD)ind(T — Apu) => 0 for each pair A, uw € C — o-(T) 
2. f (w(T)) =w(f(T)) for every f € H (o(T)). 


Theorem 7.6. If T € B(H) is isoloid, then f (0 (T) — mo0(T)) = o (f ((T)) — too f(T)), 
for every f € H (o(T)). 


Theorem 7.7. If T is m - quasi N-class A, operator for some positive integers k,m and 
N, then weyl’s theorem holds for T. 


TT, T: ——— 

Proof. By theorem 3.1 T = +" *) on H=ran (T) @ ker (T*) with ker (T,) = {0} then T; 
0 Ts 

is quasi N-class A, operator on ran(T) and T3. Then by corollary 3.2 and by [2] (Theorem 


3.3), x € kerT? C kerT**1, Hence kerT*+? = kerT*+!. Hence T is finite ascent. 


Theorem 7.8. If T is m - quasi N-class Az operator some positive integers k,m and N, 
then ind(T — AI) < 0 for all complex numbers 4. 


Proof. If T is of finite ascent by Theorem 6.8 ind(T — A) £ 0 for all complex number A. 


Theorem 7.9. If T m- quasi N-class Ay, operator for some positive integers k,m and N, 
then f (o (T) — mo0(T)) = o (f ((T)) — too f(T)), for every f € H(a(T)). the following result 


is trivial. 


Theorem 7.10. If T is am - quasi N-class Ax, operator for some positive integers k,m 
and N, then f (w(T)) =w(f (T)) for every f € H (a (T)). 


Theorem 7.11. If T © B(H) is m - quasi N-classA, for a positive integers k,m and N, 
then weyl’s theorem holds for f(T) for every f € H (a (T)). 


Proof. By Theorem 7.10, Theorem 7.8 and Theorem 6.4, for every f € H (a (T)), 


f(a (L) — mo0(T)) = 9 (fF (L)) — moo f (L)) = fw (T)) = (F(T). 


Hence weyl’s theorem holds for f(T), for every f € H (a (T)). 
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Abstract In this paper, the authors introduce a new class of functions called almost contra 
generalized a regular-continuous function (briefly almost contra gar-continuous) in topolog- 
ical spaces. Some characterizations and several properties concerning almost contra gar- 
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81. Introduction 


In 2002, Jafari and Noiri introduced and studied a new form of functions called contra- 
pre continuous functions. The purpose of this paper is to introduce and study almost contra 
gar-continuous functions via the concept of gar-closed sets. Also, properties of almost contra 
gar-continuity are discussed. Moreover, we obtain basic properties and preservation theorems of 
almost contra gar-continuous functions and relationships between almost contra gar-continuity 
and gar-regular graphs. 

Through out this paper (X,7) and (Y,c) represent the non-empty topological spaces on 
which no separation axioms are assumed, unless otherwise mentioned. Let A C X, the closure 
of A and interior of A will be denoted by cl(A) and int(A) respectively, union of all gar- 
open sets X contained in A is called gar-interior of A and it is denoted by garint(A), the 
intersection of all gar-closed sets of X containing A is called gar-closure of A and it is denoted 
by garcl(A) [13]. 


§2. Preliminaries 
Definition 2.1. Let a subset A of a topological space (X,T), is called 


1) a a-open set [8] if A C int(cl(int(A))). 
2) a generalised-closed set (briefly g-closed) [5] if cl(A) CU whenever A CU and U is open. 
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3) a weakly-closed set(briefly w-closed) [10] if cl(A) C U whenever AC U and U is semi open. 
4) a generalized x-closed set (briefly gx-closed) [12] if cl(A) C U whenever A C U and U is 
g-open in X. 
5) a generalized a-closed set (briefly ga-closed) [7] if acl(A) C U whenever ACU and U isa 
open in X. 
6) an a generalized-closed set (briefly ag-closed) [6] if acl(A) C U whenever A CU and U is 
open in X. 
7) a generalized b- closed set (briefly gb- closed) [1] if bcl(A) C U whenever A C U and U is 
open in X. 8) a semi generalized b-closed set (briefly sgb- closed) [4] if bcl(A) C U whenever 
ACU and U is semi open in X. 
9) a generalized ab- closed set (briefly gab- closed) [11] if bcl(A) C U whenever A CU and U 
is @ open in X. 
10) a regular generalized b- closed set (briefly rgb- closed) [8] if bcl(A) C U whenever A C U 
and U is regular open in X. 
11) a generalized pre regular-closed set (briefly gpr-closed) [3] if pcl(A) C U whenever A C U 
and U is regular open in X. 
12) a generalized a regular-closed set (briefly gar-closed) [9] if acl(A) GC U whenever A C U 
and U is regular open in X. 

Definition 2.2. A function f : (X,T) > (Y,o), is called 
1) almost contra continuous [15] if f~1(V) is closed in (X,7) for every regular-open set V of 


(¥,0). 
2) almost contra ga-continuous [7] if f~1(V) is g-closed in (X,7) for every regular-open set V 
of (Y,0). 

3) almost contra ag-continuous [6] if f~'(V) is ag-closed in (X,r) for every regular-open set 
V of (¥,0). 


4) almost contra gpr-continuous [3] if f~'(V) is gpr-closed in (X,7) for every regular-open set 
V of (Y,0). 

5) almost contra gb-continuous [2] if f~!(V) is gb-closed in (X,7) for every regular-open set V 
of (Y,¢). 

6) almost contra rgb-continuous [14] if f~'(V) is rgb-closed in (X,7) for every regular-open 
set V of (Y,¢). 


§3. Almost contra generalized a regular-continuous func- 


tions 


In this section, we introduce almost contra generalized a regular-continuous functions and 
investigate some of their properties. 

Definition 3.1. A function f : (X,7) — (Y,¢e) is called almost contra generalized a 
regular - continuous if f—!(V) is gar - closed in (X,7) for every regular open set V in (Y,o). 

Example 3.2. Let X = Y = {a,b,c} with r = {X,¢, {b}, {ch}, {b, ch} and o = 
{Y, y, {a}, {b}, {a, b} {a, ch}. Define a function f : (X,r) — (Y,c) by f(a) = b, f(b) =<, 


f(Q) =a. Clearly f is almost contra gar - continuous. 
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Theorem 3.3. If f : X — Y is contra gar - continuous then it is almost contra gar - 


continuous. 


Proof. Obvious, because every regular open set is open set. 


Remark 3.4. Converse of the above theorem need not be true in general as seen from 
the following example. 

Example 3.5. Let X = Y = {a,b,c} with r = {X,¢, {b}, {ch}, {b, ch} and o = 
{Y, , {a}, {b}, {a, b}, {b,c}}. Define a function f : (X,r) — (Y,o) by f(a) = b, f(b) =, 
f(Q) =a. Then f is almost contra gar - continuous function but not contra gar - continuous, 
because for the open set {a} in Y and f~t{a} = {c} is not gar - closed in X. 

Theorem 3.6. i) Every almost contra ga - continuous function is almost contra gar - 
continuous function. 

ii) Every almost contra ag - continuous function is almost contra gar - continuous function. 
iti) Every almost contra gar - continuous function is almost contra gpr - continuous function. 
iv) Every almost contra g - continuous function is almost contra gar - continuous function. 
v) Every almost contra w - continuous function is almost contra gar - continuous function. 
vi) Every almost contra g* - continuous function is almost contra gar - continuous function. 
vit) Every almost contra gar - continuous function is almost contra rgb - continuous function. 

Remark 3.7. Converse of the above statements is not true as shown in the following 
example. 

Example 3.8. i) Let X = Y = {a,b,c} with r = {X,y, {a}, {b, ch} and o = 
{Y, y, {a, b}}. Define a function f : (X,T) — (Y,c) by f(a) =c, f(b) = b, f(c) =a. Clearly 
f is almost contra gar - continuous but f is not almost contra ga - continuous. Because 
f-*({a, c}) = {a,c} is not ga - closed in (X,7) where {a,c} is regular - open in (Y,c). 

ii) Let X = Y = {a,b,c} with r = {X, yp, {b}} and o = {Y, y, {a}, {b}, {a, b}, {a,c}}. Define a 
function f : (X,rT) > (Y,o) by f(a) =c, f(b) =a, f(c) =b. Clearly f is almost contra gar - 
continuous but f is not almost contra ag - continuous. Because f—‘({a,c}) = {a,b} is not ag 
- closed in (X,T) where {a,c} is regular - open in (Y,c). 

wi) Let X = Y = {a,b,c} witht = {X, 9, {a}, {b}, {a, db}, {b, c}} anda = {Y, ¢, {a}, {b}, {a, b}}. 
Define a function f : (X,7) — (Y,c) by f(a) = b, f(b) =c, f(o) =a. Clearly f is almost 
contra gar - continuous but f is not almost contra gpr - continuous. Because f—+({b}) = {a} 
is not g - closed in (X,T) where {b} is regular - open in (Y,o). 

iv) Let X =Y = {a,b,c} with r = {X, 9, {c}, {a,c}} and o = {Y, », {a}, {bd}, {a, b}}. Define a 
function f : (X,rT) > (Y,o) by f(a) =8b, f(b) =c, f(c) =a. Clearly f is almost contra gar - 
continuous but f is not almost contra g - continuous. Because f—1({b}) = {a} is not g - closed 
in (X,T) where {b} is regular - open in (Y,c). 

v) Let X = Y = {a,b,c} with r = {X,y, {a}, {a,c}} and o = {Y,¢, {a}, {c}, {a, c}, {a, b}}. 
Define a function f : (X,7) — (Y,o) by f(a) = b, f(b) =c, f(d) =a. Clearly f is almost 
contra w - continuous but f is not almost contra gar - continuous. Because f~'({b,c}) = {a, b} 
is not gar - closed in (X,T) where {b,c} is regular - open in (Y,o). 

vi) Let X = Y = {a,b,c} with r = {X,¢, {c}, {a,c}} and o = {Y, 9, {a}, {b}, {a, b}, {a, ch}. 
Define a function f : (X,T) > (Y,a) by f(a) = 6, f(b) =c, f(c) =a. Clearly f is almost contra 
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gar - continuous but f is not almost contra g* - continuous. Because f—'({a,c}) = {b,c} is 
not g* - closed in (X,T) where {a,c} is regular - open in (Y,o). 
vit) Let X = Y = {a,b,c} witht = {X, 9, {a}, {c}, {a,c}} ando = {Y, y, {a}, {b}, {a, b}, {a, ch}. 
Define a function f : (X,T) > (Y,a) by f(a) =c, f(b) =a, f(c) =b. Clearly f is almost contra 
rgb - continuous but f is not almost contra gar - continuous. Because f—'({a,c}) = {a,b} is 
not gar - closed in (X,T) where {a,c} is regular - open in (Y,¢). 

Theorem 3.9. The following are equivalent for a function f: X —Y, 
1) f is almost contra gar - continuous. 
2) for every regular closed set F of Y, f~\(F) is gar - open set of X. 
3) for each x € X and each regular closed set F of Y containing f(x), there exists gar - openU 
containing x such that f(U) CF. 
4) for each x € X and each regular open set V of Y not containing f(x), there exists gar - 
closed set K not containing x such that f-1(V) C K. 


Proof. (i) = (2) : Let F be a regular closed set in Y, then Y — F is a regular open set in Y. 
By (1), f-1(Y — F) =X — f71(F) is gar - closed set in X. This implies f~!(F) is gar - open 
set in X. Therefore, (2) holds. 

(2) = (1) : Let G be a regular open set of Y. Then Y — G is a regular closed set in Y. By (2), 
f-l(Y — G) is gar - open set in X. This implies X — f~1(G) is gar - open set in X, which 
implies f~!(G) is gar - closed set in X. Therefore, (1) hold. 

(2) => (3) : Let F be a regular closed set in Y containing f(2), which implies x € f~'(F). By 
(2), f-(F) is gar - open in X containing x. Set U = f~!(F), which implies U is gar - open 
in X containing x and f(U) = f(f~(F)) Cc F. Therefore (3) holds. 

(3) = (2) : Let F be a regular closed set in Y containing f(x), which implies z € f~!(F). From 
(3), there exists gar - open U, in X containing x such that f(U,) C F. That is U; C f7'(F). 
Thus f~'(F) = {UU, : x € f~!(F), which is union of gar - open sets. Therefore, f~'(F) is 
gar - open set of X. 

(3) = (4): Let V be a regular open set in Y not containing f(a). Then Y —V is a regular closed 
set in Y containing f(a). From (3), there exists a gar - open set U in X containing x such that 
f(U) CY —V .This implies U c f-1(Y —V) = X — f-1(V). Hence, f-1(V) CX —U. Set 
K = X —V, then K is gar - closed set not containing x in X such that f~!(V) C K. 

(4) = (3): Let F be a regular closed set in Y containing f(x). Then Y — F is a regular open 
set in Y not containing f(z). From (4), there exists gar - closed set K in X not containing x 
such that f-1(Y — F) Cc K. This implies X — f~!(F) C K. Hence, X — K Cc f71(F), that 
is f(X — Kk) C F. Set U = X — K, then U is gar - open set containing x in X such that 
f(U) CF. 


Theorem 3.10. The following are equivalent for a function f:X — Y, 
1) f is almost contra gar - continuous. 
2) f-*(Int(Cl(G))) is gar - closed set in X for every open subset G of Y. 
3) f-*(Cl(Int(F))) is gar - open set in X for every closed subset F of Y. 


Proof. (1) => (2) : Let G be an open set in Y. Then Int(Ci(G)) is regular open set in Y. By 
(1), f-'(Unt(Cl(G)) € gar — C(X). 
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2) = (1) : Proof is obvious. 

(1) = (8) : Let F be a closed set in Y. Then Cl(Int(G)) is regular closed set in Y. By (1), 
f-'(Cl(Int(G)) € gar — O(X). 
(3) > (1) : Proof is obvious. 


Definition 3.11. A function f : X = Y is said to be R - map if f-1(V) is regular open 
in X for each regular open set V of Y. 

Definition 3.12. A function f : X — Y is said to be perfectly continuous if f~1(V) is 
clopen in X for each open set V of Y. 

Theorem 3.13. For two functions f: X — Y andg:Y — Z, letgof:X > Z bea 
composition function. Then, the following properties hold. 
i) If f is almost contra gar - continuous and g is an R - map, then go f is almost contra gar 
- continuous. 
ii) If f is almost contra gar - continuous and g is perfectly continuous, then go f is contra gar 
- continuous. 
iii) If f is contra gar - continuous and g is almost continuous, then go f is almost contra gar 


- continuous. 


Proof. i) Let V be any regular open set in Z. Since g is an R - map, g~!(V) is regular open in 
Y. Since f is almost contra gar - continuous, f~'(g~!(V)) = (go f)~1(V) is gar - closed set 
in X. Therefore go f is almost contra gar - continuous. 

ii) Let V be any regular open set in Z. Since g is perfectly continuous, g~!(V) is clopen in Y. 
Since f is almost contra gar - continuous, f~'(g~!(V)) = (go f)~1(V) is gar - open and gar 
- closed set in X. Therefore go f is gar continuous and contra gar - continuous. 

iii) Let V be any regular open set in Z. Since g is almost continuous, g~!(V) is open in Y. 
Since f is almost contra gar - continuous, f~'(g~'(V)) = (go f)~1(V) is gar - closed set in 


X. Therefore go f is almost contra gar - continuous. 


Theorem 3.14. Let f : X — Y be a contra gar - continuous andg:Y — Z be gar - 


continuous. If Y is Tgar - space, then go f : X — Z is an almost contra gar - continuous. 


Proof. Let V be any regular open and hence open set in Z. Since g is gar - continuous g~1(V) 
is gar - open in Y and Y is Tgar - space implies g~'(V) open in Y. Since f is contra gar - 
continuous, f~'(g~!(V)) = (go f)~1(V) is gar - closed set in X. Therefore, go f is an almost 


contra gar - continuous. 


Theorem 3.15. If f:X — Y is surjective strongly gar - open (or strongly gar - closed) 
andg:Y — Z is a function such that go f : X — Z is an almost contra gar - continuous, 


then g is an almost contra gar - continuous. 


Proof. Let V be any regular closed (resp. regular open) set in Z. Since go f is an almost contra 
gar - continuous, (go f)~'(V) = f~'(g~1(V)) is gar - open (resp. gar - closed) in X. Since 
f is surjective and strongly gar - open (or strongly gar - closed), f(f~'(g~1(V))) = g-1(V) is 


gar - open(or gar - closed). Therefore g is an almost contra gar - continuous. 
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Definition 3.16. A function f : X — Y is called weakly gar - continuous if for each 
x € X and each open set V of Y containing f(x), there exists U € gar — O(X;x) such that 
f(U) Cacl(V). 

Theorem 3.17. If a function f : X — Y is an almost contra gar - continuous, then f 


is weakly gar - continuous function. 


Proof. Let « € X and V be an open set in Y containing f(a). Then cl(V) is regular closed 
in Y containing f(x). Since f is an almost contra gar - continuous function by Theorem 
3.13(2), f~t(cl(V)) is gar - open set in X containing x. Set U = f~'(cl(V)), then f(U) C 
f(f-1(CUV))) Cc cl(V). This shows that f is weakly gar - continuous function. 


Definition 3.18. A space X is called locally gar - indiscrete if every gar - open set is 
closed in X. 
Theorem 3.19. If a function f : X — Y is almost contra gar - continuous and X is 


locally gar - indiscrete space, then f is almost continuous. 


Proof. Let U be a regular open set in Y. Since f is almost contra gar - continuous f~!(U) is 
gar - closed set in X and X is locally gar - indiscrete space, which implies f~'(U) is an open 


set in X. Therefore f is almost continuous. 


Lemma 3.20. Let A and Xo be subsets of a space X. If A € gar — O(X) and Xo € T*, 
then AN Xo € gar — O(Xo). 
Theorem 3.21. If f: X — Y is almost contra gar - continuous and Xo € T® then the 


restriction f/Xo:Xo — Y is almost contra gar - continuous. 


Proof. Let V be any regular open set of Y. By Theorem, we have f~'(V) € gar — O(X) and 
hence (f/X0)7!(V) = f-1(V) N Xo € gar — O(Xo). By Lemma 3.20, it follows that f/Xo is 
almost contra gar - continuous. 


Theorem 3.22. If f : X — [[Y) ts almost contra gar - continuous, then Pyof : X — Yy 


is almost contra gar - continuous for each X € V, where Py is the projection of [] Yy onto Yy. 


Proof. Let Y), be any regular open set of Y. Since P, is continuous open, it is an R - map and 
hence (P,)~+ € RO([] Y)). 
By theorem, f~!(Py'(V)) = (Py o f)~! € gar — O(X). Hence P\ o f is almost contra gar - 


continuous. 


84. gar - regular graphs and strongly contra gar - closed 
graphs 


Definition 4.1. A graph G's of a function f : X — Y is said to be gar - regular (strongly 
contra gar - closed) if for each (x,y) € (X x Y)\Gy, there exist a gar - closed set U in X 
containing « and V € R—O(Y) such that (Ux V) Gy =. 

Theorem 4.2. If f: X — Y ts almost contra gar - continuous and Y is Tz, then G'f is 


gar - regular in X x Y. 
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Proof. Let (a,y) € (X x Y)\Gf). It is obvious that f(x) A y. Since Y is To, there exists 
V,W © RO(Y) such that f(z) EV, ye W and VNW = y. Since f is almost contra gar - 
continuous, f~!(V) is a gar - closed set in X containing x. If we take U = f~!(V), we have 
f(U) CV. Hence, f(U) NW = y and Gy; is gar - regular. 


Theorem 4.3. Let f : (X,7) — (Y,c) be a function and g: (X,T) > (X x Y,7 x a) the 
graph function defined by g(x) = (a, f(x)) for every x € X. Then f is almost gar - continuous 


if and only if g is almost gar - continuous. 


Proof. Necessary : Let « € X and V € gar — O(Y) containing f(x). Then, we have g(x) = 
(x, f(xz)) € R-— O(X x Y). Since f is almost gar - continuous, there exists a gar - open set U 
of X containing x such that g(U) C X x Y. Therefore, we obtain f(U) C V. Hence f is almost 
gar continuous. 

Sufficiency : Let « € X and w be a regular open set of X x Y containing g(x). There exists 
U, € RO(X,r) and V € RO(Y,c) such that (x, f(x)) € (U1 x V) C W. Since f is almost gar - 
continuous, there exists Uz € gar — O(X,7T) such that « € Up and f(U2) CV. Set U = Ui NU. 
We have x € U, € gar — O(X,T) and g(U) Cc (U, x V) C W. This shows that g is almost gar 


- continuous. 


Theorem 4.4. If a function f :X — Y be a almost contra gar - continuous and almost 


continuous, then f is regular set - connected. 


Proof. Let V € RO(Y). Since f is almost contra gar - continuous and almost continuous, 
f-1(V) is gar - closed and open. So f~!(V) is clopen. It turns out that f is regular set - 


connected. 


§5. Connectedness 


Definition 5.1. A space X is called gar - connected if X cannot be written as a disjoint 
union of two non - empty gar - open sets. 
Theorem 5.2. Jf f:X — Y is an almost contra gar - continuous surjection and X is 


gar - connected, then Y is connected. 


Proof. Suppose that Y is not a connected space. Then Y can be written as Y = Up U Vo such 
that Up and Vo are disjoint non - empty open sets. Let U = int(cl(Uo)) and V = int(cl(Vo)). 
Then U and V are disjoint nonempty regular open sets such that Y = UUV. Since f is 
almost contra gar - continuous, then f~'(U) and f~!(V) are gar - open sets of X. We have 
X = f-'(U) Uf-*(V) such that f~1(U) and f~1(V) are disjoint. Since f is surjective, this 
shows that X is not gar - connected. Hence Y is connected. 


Theorem 5.3. The almost contra gar - continuous image of gar - connected space is 


connected. 
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Proof. Let f : X — Y be an almost contra gar - continuous function of a gar - connected 
space X onto a topological space Y. Suppose that Y is not a connected space. There exist non 
- empty disjoint open sets V; and V2 such that Y = V; U V2. Therefore, V; and Vz are clopen 
in Y. Since f is almost contra gar - continuous, f~'(Vi) and f~+(V2) are gar - open in X. 
Moreover, f~'(Vi) and f~!(V2) are non - empty disjoint and X = f-1(Vi) U f- (V2). This 
shows that X is not gar - connected. This is a contradiction and hence Y is connected. 


Definition 5.4. A topological space X is said to be gar - ultra connected if every two 
non - empty gar - closed subsets of X intersect. 

A topological space X is said to be hyper connected if every open set is dense. 

Theorem 5.5. If X is gar - ultra connected and f : X — Y is an almost contra gar - 


continuous surjection, then Y is hyper connected. 


Proof. Suppose that Y is not hyperconnected. Then, there exists an open set V such that 
V is not dense in Y. So, there exist non - empty regular open subsets B, = int(cl(V)) and 
By = Y —cl(V) in Y. Since f is almost contra gar - continuous, f~'(B1) and f~'(B2) are 
disjoint gar - closed. This is contrary to the gar - ultra - connectedness of X. Therefore, Y is 


hyperconnected. 


86. Separation axioms 


Definition 6.1. A topological space X is said to be gar — T, space if for any pair of 
distinct points x and y, there exist a gar - open sets G and H such that x € G, y ¢ G and 
céH, yedH. 

Theorem 6.2. If f:X — Y is an almost contra gar - continuous injection and Y is 
weakly Hausdorff, then X is gar — Ty. 


Proof. Suppose Y is weakly Hausdorff. For any distinct points x and y in X, there exist V and 
W regular closed sets in Y such that f(z) © V , f(y) €V , f(y) € W and f(z) ¢ W. Since f 
is almost contra gar - continuous, f~!(V) and f~!(W) are gar - open subsets of X such that 
ref), y¢ fv), ye f-(W) and « Zé f-1(W). This shows that X is gar — T}. 


Corollary 6.3. If f : X — Y is a contra gar - continuous injection and Y is weakly 
Hausdorff, then X is gar —T,. 

Definition 6.4. A topological space X is called Ultra Hausdorff space, if for every pair 
of distinct points x and y in X, there exist disjoint clopen sets U and V in X containing x and 
y, respectively. 

Definition 6.5. A topological space X is said to be gar — Tz space if for any pair of 
distinct points x and y, there exist disjoint gar - open sets G and H such that x € G and 
y CA. 

Theorem 6.6. If f : X — Y is an almost contra gar - continuous injective function 


from space X into a Ultra Hausdorff space Y, then X is gar — T4. 
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Proof. Let x and y be any two distinct points in X. Since f is an injective f(x) 4 f(y) and 
Y is Ultra Hausdorff space, there exist disjoint clopen sets U and V of Y containing f(a) and 
f(y) respectively. Then x € f~'(U) and y € f~!(V), where f~'(U) and f~!(V) are disjoint 
gar - open sets in X. Therefore X is gar — To. 


Definition 6.7. A topological space X is called Ultra normal space, if each pair of disjoint 
closed sets can be separated by disjoint clopen sets. 

Definition 6.8. A topological space X is said to be gar - normal if each pair of disjoint 
closed sets can be separated by disjoint gar - open sets. 

Theorem 6.9. If f: X — Y is an almost contra gar - continuous closed injection and 


Y is ultra normal, then X is gar - normal. 


Proof. Let E and F be disjoint closed subsets of X. Since f is closed and injective f(£) and 
f(F) are disjoint closed sets in Y . Since Y is ultra normal there exists disjoint clopen sets U 
and V in Y such that f(£) C U and f(F) CV. This implies E c f~'(U) and Fc f7-1(V). 
Since f is an almost contra gar - continuous injection, f~'(U) and f~'(V) are disjoint gar - 


open sets in X. This shows X is gar - normal. 


Theorem 6.10. Jf f : X — Y is an almost contra gar - continuous and Y is semi - 


regular, then f is gar - continuous. 


Proof. Let « € X and V be an open set of Y containing f(a). By definition of semi - regularity 
of Y, there exists a regular open set G of Y such that f(x) € GC V. Since f is almost 
contra gar - continuous, there exists U € gar — O(X,x) such that f(U) C G. Hence we have 
f(U) CGCYV. This shows that f is gar - continuous function. 


§7. Compactness 


Definition 7.1. A space X is said to be: 
(1) gar - compact if every gar - open cover of X has a finite subcover. 
(2) gar - closed compact if every gar - closed cover of X has a finite subcover. 
(3) Nearly compact if every regular open cover of X has a finite subcover. 
(4) Countably gar - compact if every countable cover of X by gar - open sets has a finite 
subcover. 
(5) Countably gar - closed compact if every countable cover of X by gar - closed sets has a 
finite sub cover. 
(6) Nearly countably compact if every countable cover of X by regular open sets has a finite sub 
cover. 
(7) gar - Lindelof if every gar - open cover of X has a countable sub cover. 
(8) gar - Lindelof if every gar - closed cover of X has a countable sub cover. 
(9) Nearly Lindelof if every regular open cover of X has a countable sub cover. 
(10) S - Lindelof if every cover of X by regular closed sets has a countable sub cover. 
(11) Countably S - closed if every countable cover of X by regular closed sets has a finite sub - 
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cover. 
(12) S - closed if every regular closed cover of x has a finite sub cover. 
Theorem 7.2. Let f : X — Y be an almost contra gar - continuous surjection. Then, 
the following properties hold: 
(1) If X is gar - closed compact, then Y is nearly compact. 
(2) If X is countably gar - closed compact, then Y is nearly countably compact. 
(3) If X is gar - Lindelof, then Y is nearly Lindelof. 


Proof. (1) Let {Va : a € I} be any regular open cover of Y. Since f is almost contra gar - 
continuous, {f~!(Va) : a € I} is gar - closed cover of X. Since X is gar - closed compact, 
there exists a finite subset Jp of I such that X = U{f—!(V,) : a € Ip}. Since f is surjective, 
Y =U{(Vq) : a € Ip} which is finite sub cover of Y, therefore Y is nearly compact. 

(2) Let {Va : a € I} be any countable regular open cover of Y . Since f is almost contra gar - 
continuous, {f~1(V.) : a € I} is countable gar - closed cover of X. Since X is countably gar 
- closed compact, there exists a finite subset Ip of I such that X = U{f~!(V,) : a € Ip}. Since 
f is surjective, Y = U{(Va) : a € Ip} is finite subcover for Y . Hence Y is nearly countably 
compact. 

(3) Let {Va : aw € I} be any regular open cover of Y. Since f is almost contra gar - continuous, 
{f~!(Va): a € I} is gar - closed cover of X. Since X is gar - Lindelof, there exists a countable 
subset Ig of I such that X = {f~!(V,.) : a € Ip}. Since f is surjective, Y = U{(V,) : a € Ip} 
is finite sub cover for Y . Therefore, Y is nearly Lindelof. 


Theorem 7.3. Let f : X — Y be an almost contra gar - continuous surjection. Then, 
the following properties hold: 
(1) If X is gar - compact, then Y is S' - closed. 
(2) If X is countably gar - closed, then Y is is countably S - closed. 
(3) If X is gar - Lindelof, then Y is S - Lindelof. 


Proof. (1) Let {Va : a € I} be any regular closed cover of Y. Since f is almost contra gar - 
continuous, {f~'(V,) : a € I} is gar - open cover of X. Since X is gar - compact, there exists 
a finite subset I of I such that X = U{f~'(Va) : a € Ip}. Since f is surjective, Y = U{Vq:a€ 
Io} is finite sub cover for Y. Therefore, Y is S - closed. (2) Let {V., : a € I} be any countable 
regular closed cover of Y. Since f is almost contra gar - continuous, {f~!(Va) : a € T} is 
countable gar - open cover of X. Since X is countably gar - compact, there exists a finite 
subset Io of I such that X = U{f~!(Va) : a € Ip}. Since f is surjective, Y = U{Va : a € Ip} is 
finite sub cover for Y. Hence, Y is countably S - closed. (3) Let {V. : a € I} be any regular 
closed cover of Y. Since f is almost contra gar - continuous, {f~'(V,) : a € I} is gar - open 
cover of X. Since X is gar - Lindelof, there exists a countable sub - set Jp of J such that 
X =U{f-1(Va) : a € Ip}. Since f is surjective, Y = U{Va : a € Ip} is finite sub cover for Y. 
Hence, Y is S - Lindelof. 
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81. Introduction 


In 1970, Dontchev [13] introduced the notions of contra continuous function. A new class 
of function called contra b-continuous function introduced by Nasef [6]. In 2009, Omari and 
Noorani [1] have studied further properties of contra b-continuous functions. In this paper, we 
introduce the concept of contra sg*b-continuous function via the notion of sg*b-open set and 
study some of the applications of this function. We also introduce and study two new spaces 
called sg*b-Hausdorff spaces, sg*b-normal spaces and obtain some new results. 

Through out this paper (X,7) and (Y,c) represent the non-empty topological spaces on 
which no separation axioms are assumed, unless otherwise mentioned. Let A C X, the closure 
of A and interior of A will be denoted by cl(A) and int(A) respectively, union of all sg*b- 
open sets X contained in A is called sg*b-interior of A and it is denoted by sg*b-int(A), the 
intersection of all sg*b-closed sets of X containing A is called sg*b-closure of A and it is denoted 
by sg*b-cl(A). 


§2. Preliminaries 
Definition 2.1. Let a subset A of a topological space (X,7), is called 


1) a pre-open set [10] if A C int(cl(A)). 
2) a semi-open set [8] if A C cl(int(A)). 
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3) aa -open set [12] if A C int(cl(int(A))). 
4) aa@ generalized closed set (briefly ag- closed) [9] if acl(A) C U whenever A C U and U is 
open in X. 
5) a generalized « closed set (briefly g*-closed) [13] if cl(A) C U whenever A C U and U is g 
open in X. 
6) a generalized b- closed set (briefly gb- closed) [1] if bcl(A) C U whenever A CU and U is 
open in X. 
7) a generalized semi-pre closed set (briefly gsp - closed) [7] if spcl(A) C U whenever A C U 
and U is open in X. 
8) a semi generalized closed set (briefly sg- closed) [3] if scl(A) C U whenever AC U and U is 
semi open in X. 
9) a generalized pre regular closed set (briefly gpr-closed) [6] if pcl(A) C U whenever A C U 
and U is regular open in X. 
10) a semi generalized b- closed set (briefly sgb- closed) [7] if bcl(A) C U whenever A CU and 
U is semi open in X. 
11) ag - closed set [12] if cl(A) CU whenever ACU and U is sg open in X. 
12) a semi generalized star b - closed set (briefly sg*b - closed) [14] if bcl(A) C U whenever 
ACU and U is sg open in X. 

Definition 2.2. A function f : (X,T) > (Y,o), is called 
1) a contra continuous [5] if f~'(V) is closed in (X,7) for every open set V of (Y,c). 
2) a contra g-continuous [2] if f-1(V) is b-closed in (X,rT) for every open set V of (Y,c). 
3) a contra pre-continuous [10] if f—* 


— 


V) is pre-closed in (X,7) for every open set V of 


— 


4) a contra semi-continuous [8] if f~'(V) is semi-closed in (X,7) for every open set V of 


( 

( 
5) a contra gpr-continuous [6] if f~'(V) is gpr-closed in (X,rT) for every open set V of (Y, 
6) a contra gsp-continuous [4] if f~* ( 
7) a contra gb-continuous [11] if f~' 


) 
V) is gsp-closed in (X,7) for every open set V of (Y, 

) 

8) a contra sg-continuous [15] if f-1(V) 


V) is gb-closed in (X,T) for every open set V of (Y,o 
V) is sg-closed in (X,7) for every open set V of (Y,a 


§3. On Contra semi generalized star b - continuous func- 


tions 


In this section, we introduce contra semi generalized star b - ontinuous functions and 
investigate some of their properties. 

Definition 3.1. A function f : (X,7T) — (Y,¢) is called contra semi generalized star b - 
continuous if f~1(V) is sg*b - closed in (X,7) for every open set V in (Y,c). 

Example 3.2. Let X = Y = {a,b,c} with r = {X,y, {a}, {b}, {a,b}} and ao = 
{Y, ¢, {a, b}}. Define a function f : (X,7) > (Y,o) by f(a) =c, f(b) =), f(d) =a. Clearly f 
is contra sg*b - continuous. 

Definition 3.3. Let A be a subset of a space (X,T). 
(i) The set n{F CX: AC FF is sg*b — closed} is called the sg*b - closure of A and it is 
denoted by sg*b — cl(A). 
(ti) The set U{G C X :GCA,G is sg*b — open} is called the sg*b - interior of A and it is 
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denoted by sg*b — int(A). 
Lemma 3.4. Forx€ X, x € sg*b—cl(A) if and only ifUN AF ¢ for every sg*b - open 


set U containing x. 


Proof. Necessary part : Suppose there exists a sg*b - open set U containing x such that UVUA = 
yp. Since A C X—-U, sg*b—cl(A) C X-—U. This implies x ¢ sg*b—cl(A). This is a contradiction. 
Sufficiency part : Suppose that « ¢ sg*b—cl(A). Then J a sg*b - closed subset F’ containing A 
such that « ¢ F. Then « € X — F is sg*b - open, (X — F)N A= y. This is contradiction. 


Lemma 3.5. The following properties hold for subsets A,B of a space X: 
(i) « € ker(A) if and only if ANF £ ¢ for any F € (X,z). 
(ti) AC ker(A) and A= ker(A) if A is open in X. 
(itt) If A C B, then ker(A) C ker(B). 
Theorem 3.6. Let f : (X,T) — (Y,o) be a map. The following conditions are equivalent: 
(i) f is contra sg*b - continuous, 
(ii) The inverse image of each closed in (Y,o) is sg*b - open in (X,7T), 
(iit) For each « € X and each F € C(Y,f(x)), there exists U € sg*b — O(X), such that 
ju) CF, 
(iv) f(sg*b — cl(X)) C ker(f(A)), for every subset A of X, 
(v) sg*b— cl(f-+(B)) C f-l(ker(B)), for every subset B of Y. 


Proof. (i) = (ii) and (ii) => (iii) are obvious. 

(iii) — (ii) : Let F be any closed set of Y and x € f~'(F). Then f(x) € F and there exists 
Uz € sg*b — O(X, x) such that f(U,) C F. 

Hence we obtain f~'(F) = U{U,z\x € f-1(F)} € sg*b — O(X,x). Thus the inverse of each 
closed set in (Y,o) is sg*b - open in (X,7T). 

(ii) > (iv) : Let A be any subset of X. Suppose that y ¢ kerf(A)). By lemma there exists 
F € C(Y,y) such that f(A)NF = y. Then, we have ANf~1(F) = y and sg*b—cl(A)Nf7!(F) = 
Q. 

Therefore, we obtain f(sg*b — cl(A)) OF = y and y ¢ f(sg*b— cl(A)). Hence we have 
f(sg*b — cl(X)) C ker(f(A)). 

(iv) => (v): Let B be any subset of Y. By (iv) and Lemma, We have 
f(sg*b— el(f-(B))) c (zer(s(4-")))) C ker(B) and 


sg*b— cl(f-1(B)) c f-1(ker(B)). 

(v) = (i): Let V be any open set of Y. By lemma we have 
sg*b—cl(f~\(V)) C fot (ker(V)) = f-1(V) and sg*b— cl(f~*(V)) = f-1(V). It follows that 
f-1(V) is sg*b - closed in X. We have f is contra sg*b - continuous. 


Definition 3.7. A function f : (X,T) — (Y,¢) ts called sg*b - continuous if the preimage 
of every open set of Y is sg*b - open in X. 

Remark 3.8. The following two examples will show that the concept of sg*b - continuity 
and contra sg*b - continuity are independent from each other. 

Example 3.9. Let X = Y = {a,b,c} with r = {X,y, {b}, {ch}, {a,c}, {b, ch} and 
a = {Y,y, {b}, {b,c}}. Define a function f : (X,7) > (Y,c) by f(a) = b, f(b) =c, f(d) =a. 
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Clearly f is contra sg*b - continuous but f is not sg*b - continuous. Because f—*({b, c}) = {a, b} 
is not sg*b - open in (X,T) where {b,c} is open in (Y,¢). 

Example 3.10. Let X =Y = {a,b,c} with tr = {X, 9, {c}, {a, c}} ando = {Y, ¢, {a, b}}. 
Define a function f : (X,r) > (Y,c) by f(a) = b, f(b) = c, f(c) = a. Clearly f is sg*b - 
continuous but f is not contra sg*b - continuous. Because f—‘({a,b}) = {a,c} is not contra 
sg*b - closed in (X,7) where {a,b} is open in (Y,o). 

Theorem 3.11. If a function f : (X,7) > (Y,¢@) is contra sg*b - continuous and (Y,c) 


is regular then f is sg*b - continuous. 


Proof. Let x be an arbitrary point of (X,7) and V be an open set of (Y, co) containing f(x). Since 
(Y,c) is regular, there exists an open set W of (Y,o) containing f(a) such that cl(W) Cc V. 
Since f is contra sg*b - continuous, by Theorem there exists U € sg*b — O(X,z) such that 
f(U) Ccl(W). Then f(U) cC cl(W) CV. Hence f is sg*b - continuous. 


Theorem 3.12. Every contra - continuous function is contra sg*b - continuous function. 


Proof. Let V be an open set in (Y,c). Since f is contra - continuous function, f~!(V) is b - 
closed in (X,7). Every closed set is sg*b - closed. Hence f~!(V) is sg*b - closed in (X,7T). 


Thus f is contra sg*b - continuous function. 


Remark 3.13. The converse of theorem need not be true as shown in the following 
example. 

Example 3.14. Let X = Y = {a,b,c} with r = {X,y, {b}, {ch}, {b,ch} and o = 
{Y,y,{c}}. Define a function f : (X,7) > (Y,c) by f(a) =a, f(b) =c, f(c) =b. Clearly f is 
contra sg*b - continuous but f is not contra continuous. Because f—({c}) = {b} is not closed 
in (X,T) where {c} is open in (Y,c). 

Theorem 3.15. (i) Every contra g-continuous function is contra sg*b-continuous func- 
tion. 

(it) Every contra semi-continuous function is contra sg*b-continuous function. 
(itt) Every contra a - continuous function is contra sg*b-continuous function. 
(iv) Every contra pre-continuous function is contra gb-continuous function. 
(v) Every contra ag-continuous function is contra gsp-continuous function. 
(vi) Every contra sg*b-continuous function is contra gsp-continuous function. 
(vii) Every contra sg*b-continuous function is contra gb-continuous function. 
(vitt) Every contra sg-continuous function is contra sg*b-continuous function. 

Remark 3.16. Converse of the above statements is not true as shown in the following 
example. 

Example 3.17. (i) Let X =Y = {a,b,c} witht = {X, y, {a,b}} ando = {Y, y, {a}, {a, c}}. 
Define a function f : (X,7) - (Y,a) by f(a) =b, f(b) =c, f(c) =a. Clearly f is contra sg*b 
- continuous but f is not contra g-continuous. Because f—'({a,c}) = {b,c} is not g-closed in 
(X,7) where {a,c} is open in (Y,o). 

(ii) Let X = Y = {a,b,c} with r = {X,¢, {a,c}} and o = {Y, ¢, {a}, {a, b}{a,c}}. Define 
a function f : (X,T) > (Y,e) by f(a) = b, f(b) = a, f(c) = c. Clearly f is contra sg*b- 


continuous but f is not contra semi-continuous. Because f~'({a,c}) = {b,c} is not semi-closed 
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in (X,T) where {a,c} is open in (Y,o). 

(iit) Let X = Y = {a,b,c} with r = {X, yp, {b}, {a,b}} and o = {Y,y, {b}, {b,c}}. Define 
a function f : (X,T) > (Y,e) by f(a) = b, f(b) =, f(c) = a. Clearly f is contra sg*b- 
continuous but f is not contra a-continuous. Because f—!({b,c}) = {a,b} is not a-closed in 
(X,7) where {b,c} is open in (Y,o). 

(iv) Let X = Y = {a,b,c} with r = {X, », {a}, {db}, {a, b}} and o = {Y, ¢, {b}}. Define a func- 
tion f : (X,T) > (Y,c) by f(a) = b, f(b) =a, f(c) =c. Clearly f is contra gb - continuous but 
f is not contra sg*b - continuous. Because f~'({b}) = {a} is not pre - closed in (X,rT) where 
{b} is open in (Y,o). 

(v) Let X =Y = {a,b,c} with r = {X, y, {a,c}} and o = {Y, », {a}, {a, b}}. Define a function 
f : (X,7) > (Y,¢) by f(a) =a, f(b) =), f(c) =c. Clearly f is contra sg*b - continuous but 
f is not contra ag-continuous. Because f—~'({a}) = {a} is not ag-closed in (X,T) where {a} 
is open in (Y,o). 

(vi) Let X = Y = {a,b,c} with r = {X, ¢, {a}, {a,c}} and o = {Y, yp, {b, c}}. Define a function 
f : (X,7) — (Y,0) by f(a) = 6, f(b) =c, f(o) =a. Clearly f is contra gsp - continuous but f 
is not contra g* - continuous. Because f~'({a,c}) = {a,b} is not sg*b - closed in (X,T) where 
{a,c} is open in (Y,a). 

(vii) Let X = Y = {a,b,c} with rT = {X, y, {a}, {a, b}} and o = {Y, ¢, {a}, {b}, {a, b}}. Define 
a function f : (X,r) — (Y,c) be f(a) = b, f(b) = c f(c) = a. Clearly f is contra gb - 
continuous but f is not contra sg*b - continuous. Because f—'({a,b}) = {a,c} is not sg*b - 
closed in (X,T) where {a,b} is open in (Y,o). 

(vitt) Let X = Y = {a,b,c} with rT = {X,y, {db}, {a,b}} and o = {Y,y, {a}, {a, b}, {a, ch}. 
Define a function f : (X,T) > (Y,a) by f(a) =c, f(b) =a, f(c) = b. Clearly f is contra sg*b - 
continuous but f is not contra sg - continuous. Because f—+({a,c}) = {b,c} is not sgb - closed 
in (X,T) where {a,c} is open in (Y,o). 

Remark 3.18. The concept of contra sg*b - continuous and contra sgb - continuous are 
independent as shown in the following examples. 

Example 3.19. Let X = Y = {a,b,c} with r = {X, ¢, {b}, {a, b}} anda = {Y, y, {a, ch}. 
Define a function f : (X,7T) > (Y,c) by f(a) =a, f(b) =c, f(d) =). Clearly f is contra sg*b- 
continuous but f is not contra sgb-continuous. Because f—'({a,c}) = {a,b} is not sgb-closed 
in (X,7) where {a,c} is open in (Y,o). 

Example 3.20. Let X = Y = {a,b,c} with r = {X,¢, {a}, {c}, {a,c}, {b, ch} and 
o = {Y,¢, {a}, {a, b}}. Define a function f : (X,r) > (Y,c) by f(a) =c, f(b) =), flo) =a. 
Clearly f is contra sgb-continuous but f is not contra sg*b - continuous. Because f—+({a, b}) = 
{a,c} is not sg*b - closed in (X,T) where {a,b} is open in (Y,o). 

Definition 3.21. A space (X,T) is said to be (i) sg*b - space if every sg*b - open set of 
X is open in X, (tt) locally sg*b - indiscrete if every sg*b - open set of X is closed in X. 

Theorem 3.22. If a function f : X — Y is contra sg*b - continuous and X is sg*b - 


space then f is contra continuous. 


Proof. Let V € O(Y). Then f~1(V) is sg*b - closed in X. Since X is sg*b - space, f~'(V) is 


closed in X. Hence f is contra continuous. 
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Theorem 3.23. Let X be locally sg*b - indiscrete. If f : X — Y is contra sg*b - 


continuous, then it is continuous. 


Proof. Let V € O(Y). Then f~1(V) is sg*b - closed in X. Since X is locally sg*b - indiscrete 
space, f-'(V) is open in X. Hence f is continuous. 


Definition 3.24. A function f : X + Y, the subset {(x, f(a)):c¢€X}CXxY is 
called the graph of f and is denoted by G'y. 

Definition 3.25. The graph Gy of a function f : X — Y is said to be contra sg*b - 
closed if for each (x,y) € (X x Y) — Gy there exists U € sg*b— O(X,a) and V € C(Y,y) such 
that (U x V)N Gy. 

Theorem 3.26. If a function f:X — Y is contra sg*b - continuous and Y is Urysohn, 
then Gy is contra sg*b - closed in the product space X x Y. 


Proof. Let (,y) € (X x Y) — Gy. Then y # f(z) and there exist open sets H), Hz such that 
f(x) © Mi, y © He and cl(H,)Ncl(A2) = y. From hypothesis, there exists V € sg*b— O(X, x) 
such that f(V) C cl(H,). Therefore, we have f(V) cl(H2) = y. This shows that Gy is contra 
sg*b - closed in the product space X x Y. 


Theorem 3.27. If f: X — Y is sg*b - continuous and Y is T,, then Gy is contra sg*b 
- closed in X XY. 


Proof. Let («,y) € (X x Y)— Gy . Then y # f(z) and there exist open set V of Y such that 
f(x) € V and y ¢ V. Since f is sg*b - continuous, there exists U € sg*b — O(X,x) such that 
f(U) CV. Therefore, we have f(U)N (Y —V) = y and (Y —V) € sg*b—C(Y,y). This shows 
that Gy is contra sg*b - closed in X x Y. 


Theorem 3.28. Let f: X — Y be a function andg: X — X x Y, the graph function 
of f, defined by g(x) = (a, f(x)) for every x € X. If g is contra sg*b - continuous, then f is 


contra sg*b - continuous. 


Proof. Let U be an open set in Y, then X x U is an open set in X x Y. Since g is contra sg*b 
- continuous. It follows that f~!(U) = g~!(X x U) is an sg*b - closed in X. Hence f is sg*b - 


continuous. 


Theorem 3.29. If f: X — Y is a contra sg*b - continuous function and g:Y — Z is 


a continuous function, then go f : X — Z is contra sg*b - continuous. 


Proof. Let V € O(Y). Then g~1(V) is open in Y. Since f is contra sg*b - continuous, 
f-l(g"(V)) = (g0 f) *1(V) is sg*b - closed in X. Therefore, go f : X — Z is contra sg*b - 


continuous. 


Theorem 3.30. Letp: X x Y — Y be a projection. If A is sg*b - closed subset of X, 
then p-\(A) = AxY is sg*b - closed subset of X x Y. 


Proof. Let Ax Y C U and U be a regular open set of X x Y. Then U = V x Y for some 
regular open set V of X. Since A is sg*b - closed in X, bcl(A) and so bcel(A)x Y CV xX Y =U. 
Therefore bcl(A x Y) C U. Hence A x Y is sg*b - closed sub set of X x Y. 
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84. Applications 


Definition 4.1. A topological space (X,7) is said to be sg*b - Hausdorff space if for each 
pair of distinct points x and y in X there exists U € sg*b — O(X,2) and V € sg*b — O(X,y) 
such that UNV =y. 

Example 4.2. Let X = {a,b,c} with r = {X, ¢, {a}, {b}, {c}, {a, b}, {b,c}, {a, ch}. Let x 
and y be two distinct points of X, there exists an sg*b-open neighbourhood of x and y respectively 
such that {x} N {y} = yp. Hence (X,rT) is sg*b-Hausdorff space. 

Theorem 4.3. If X is a topological space and for each pair of distinct points x, and x 
in X, there exixts a function f of X into Uryshon topological space Y such that f(x1) 4 f(x2) 


and f is contra sg*b-continuous at x1 and x2, then X is sg*b-Hausdorff space. 


Proof. Let x; and x2 be any distinct points in X. By hypothesis, there is a Uryshon space Y 
and a function f : X — Y such that f(x) 4 f(#2) and f is contra sg*b-continuous at x, and 
x2. Let y, = f(x;) for i = 1,2 then y; ¥ ye. Since Y is Uryshon, there exists open sets U,, and 
Uy, containing y; and y2 respectively in Y such that cl(U,,) M cl(Uy,) = yp. Since f is contra 
sg*b-continuous at x1 and x2, there exists and sg*b-open sets V,, and V,, containing x1 and 
x2 respectively in X such that f(Vzi) C cl(U,y;) for i= 1,2. Hence we have (Vz,)N (Vz.) = ¥. 
Therefore X is sg*b - Hausdorff space. 


Corollary 4.4. If f is contra sg*b - continuous injection of a topological space X into a 
Uryshon space Y then X is sg*b-Hausdorff. 


Proof. Let x; and x2 be any distinct points in X. By hypothesis, f is contra sg*b-continuous 
function of X into a Uryshon space Y such that f(7,) 4 f(x2), because f is injective. Hence 


by theorem, X is sg*b - Hausdorff. 


Definition 4.5. A topological space (X,7T) is said to be sg*b - normal if each pair of non 
- empty disjoint closed sets in (X,T) can be separated by disjoint sg*b - open sets in (X,T). 

Definition 4.6. A topological space (X,T) is said to be ultra normal if each pair of non 
- empty disjoint closed sets in (X,T) can be separated by disjoint clopen sets in (X,T). 

Theorem 4.7. If f : X — Y is a contra sg*b - continuous function, closed, injection 


and Y is Ultra normal, then X is sg*b - normal. 


Proof. Let U and V be disjoint closed subsets of X. Since f is closed and injective, f(U) and 
f(V) are disjoint subsets of Y. Since Y is ultra normal, there exists disjoint clopen sets A and 
B such that f(U) C A and f(V) C B. Hence U c f~+(A) and V c f~1(B). Since f is contra 
sg*b - continuous and injective, f~'(A) and f~'(B) are disjoint sg*b - open sets in X. Hence 


X is sg*b - normal. 


Definition 4.8. A topological space X is said to be sg*b - connected if X is not the union 
of two disjoint non - empty sg*b - open sets of X. 


Theorem 4.9. A contra sg*b - continuous image of a sg*b - connected space is connected. 
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Proof. Let f : X — Y be a contra sg*b - continuous function of sg*b - connected space X onto 
a topological space Y. If possible, let Y be disconnected. Let A and B form disconnectedness 
of Y. Then A and B are clopen and Y = AU B where AN B = vy. Since f is contra sg*b - 
continuous, X = f~!(Y) = f-1(AUB) = f71(A)U f71(B) where f~1(A) and f~1(B) are non 
- empty sg*b - open sets in X. Also f~1(A)N f~1(B) = y. Hence X is non - sg*b - connected 


which is a contradiction. Therefore Y is connected. 


Theorem 4.10. Let X be sg*b - connected and Y be Ty. If f : X — Y is a contra sg*b 


- continuous, then f is constant. 


Proof. Since Y is T, space v = {f~'(y) : y € Y} is a disjoint sg*b - open partition of X. If 
|u| > 2, then X is the union of two non empty sg*b - open sets. Since X is sg*b - connected, 


|u| =1. Hence f is constant. 


Theorem 4.11. If f : X — Y is a contra sg*b - continuous function from sg*b - 


connected space X onto space Y, then Y is not a discrete space. 


Proof. Suppose that Y is discrete. Let A be a proper non - empty open and closed subset of 
Y. Then f~!(A) is a proper non - empty sg*b - clopen subset of X, which is a contradiction 


to the fact X is sg*b - connected. 
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81. Introduction 


Let N, R and C be the sets of all natural, real and complex numbers respectively. Let C4, 
c and co be denote the Banach spaces of bounded, convergent and null sequences respectively 
with norm ||z|| = sup | 7, | . We denote w = {x = (a) : x, € R or C}, the space of all real or 
complex ueuysieees 

Any subspace A of the linear space w of sequences is called a sequence space. A sequence 
space A with linear topology is called a K-space provided each of maps p; : 4 — C defined by 
pi(x) = x; is continuous, for all i € N. A space 4 is called an F’'K-space provided A is complete 
linear metric space. An F'K-space whose topology is normable is called a BK-space. 

It is an admitted fact that the real and complex numbers are playing a vital role in the world 
of mathematics. Many mathematical structures have been constructed with the help of these 
numbers. In recent years, since 1965 fuzzy numbers and interval numbers also managed their 
place in the world of mathematics and credited into account some alike structures. Interval 
arithmetic was first suggested by P. 8. Dwyer [! in 1951. Further development of interval 
arithmetic as a formal system and evidence of its value as a computational device was provided 
by R. E. Moore !"5! in 1959 and Moore and Yang !!6) and others and have developed applications 
to differential equations. 

Recently, Chiao /) introduced sequences of interval numbers and defined usual convergence 
of sequences of interval numbers. Seng6niil and Eryilmaz 7! introduced and studied bounded 
and convergent sequence spaces of interval numbers and showed that these spaces are complete. 

A set (closed interval) of real numbers x such that a < 2 < bis called an interval number."41 
A real interval can also be considered as a set. Thus, we can investigate some properties of 


interval numbers for instance, arithmetic properties or analysis properties. Let us denote the 
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set of all real valued closed intervals by JR. Any element of JR is called a closed interval and 
it is denoted by A = [2;,2,]. IR is a quasilinear space under the algebraic operations and 
a partial order relation for JR found in [27, 30] and any subspace of JR is called quasilinear 
subspace (see [27, 30]). 

The set of all interval numbers JR is a complete metric space defined by 


d(Aj, Ag) — max{| U1, — £2, |, | v1, — £2,. le (see [16, 27]), (1) 


where x; and 2; are first and last points of A, respectively. 
In a special case, A, = [a,a], Ag = [b,b], we obtain the usual metric of R with 


d(A,, Az) =| a—b | . 


Let us define transformation f from N to IR by k > f(k) = A, A= (Ax). The function 
f is called sequence of interval numbers, where Aj; is the k'” term of the sequence (Ax). 
Let us denote the set of sequences of interval numbers with real terms by 


w(A) = {A= (Ax) : Ay € IR}. (2) 


The algebraic properties of w(A) can be found in [4, 27]. 

The following definitions were given by Sengéniil and Eryilmaz in [27]. A sequence A = 
(Ax) = ([2,;2r,]) of interval numbers is said to be convergent to an interval number Ag = 
[v0,,o,] if for each € > 0, there exists a positive integer no such that d(Ax, Ao) < , for all 
k > no and we denote it as lim A, = Apo. 

Thus, lim Ay = Ap © lim Lk, = Lo, and lim Lk, = Xo, and it is said to be Cauchy sequence 
of interval numbers if for each € > 0, there exists a positive integer kg such that d(Az, Am) < €, 
whenever k, m > ko. 

Let us denote the space of all convergent, null and bounded sequences of interval numbers 
by C(A), Co(A) and ¢.,(A), respectively. The sets C(A), C.(A) and ¢.,(A) are complete metric 
spaces with the metric 


nn 


d(Ax, Be) = aay max{|rk, — Yki|,|Zk, — Yk, |} (see [27]). (3) 


If we take B, = O in (3) then, the metric d reduces to 


}. (4) 


d( Ar, O) = sup max{|zx,|,|2xr,. 


In this paper, we assume that a norm ||Aj,|| of the sequence of interval numbers (Ax) is 
the distance from (A;) to O and satisfies the following properties: VAx, By € A(A) and Va € R 

(Ni) WAx € ACA) — {O}, ||Axllacay > 0, 

(N2) ||Aglla.a) = 0 Ag = O, 

(Ns) WAg + Brllacay < llAellacay + llBellacays 

(Na) ||@Ax||y¢a) = lell|Aallycay, where A(A) is a subset of w(A). 

Let A= (Ax) = ([2x,,2x,]) be the element of C(.A), Co(A) or €0(A). Then, in the light of 
above discussion, the classes of sequences C(.A), Co(A) and ¢..(A) are normed interval spaces 
normed by 


|| A ||= super €, |, | €k, |} (see [27]). (5) 
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Throughout, O = [0,0] and I = [1, 1] represent zero and identity interval numbers according 
to addition and multiplication, respectively. 

As a generalisation of usual convergence for the sequences of real or complex numbers, 
the concept of statistical convergent was first introduced by Fast [ and also independently by 
Buck §! and Schoenberg 761, Later on, it was further investigated from a sequence space point 
of view and linked with the Summability Theory by Fridy !!, Salat 8), Tripathy 8] and many 
others. The statistical convergence has been extended to interval numbers by Esi as follows in 
(1, 2]. 

Let us suppose that A = (Ax) € fo0(A). If, for every € > 0, 


i. : : 
lim Flin €N:| An — Ao ||>e, 2 < k}| =0. (6) 


Then, the sequence A = (Ax) is said to be statistically convergent to an interval number Ao, 
where vertical lines denote the cardinality of the enclosed set. That is, if 6(A(e)) = 0, where 
A(e) = {k EN:|| Ag — Ao ||> ef. 

The notion of ideal convergence (I-convergence) was introduced and studied by Kostyrko, 
Maéaj, Salat and Wilczyzski !'3-!4], Later on, it was studied by Salat, Tripathy and Ziman?*?51 | 
Esi and Hazarika [, Tripathy and Hazarika 29] Khan et al 891°, Mursaleen and Sunil [7] 
and many others. 

Definition 1.1. Let N be the set of natural numbers. Then, a family of sets J C 2‘ (power 
set of N) is said to be an ideal if 

(i) I is additive. That is, VA,BeI>AUBET, 

(ii) I is hereditary. That is VA € Jand BC A> Bel. 

A non-empty family of sets £(I) C 2N is said to be filter on N if and only if 

(i) © ¢ £(), 

(ii) VA, Be £(1) we have AN Be £(J), 

(iii) VAeE £1) and AC B=> Be £(I). 

An Ideal J C 2N is called non-trivial if I 4 2%. 

A non-trivial ideal I C 2% is called admissible if {{z} : « © N} CJ. 

Let us suppose that I be an ideal. Then, a sequence A = (Ag) € Cs0(A) C w(A). 

(i) is said to be I-convergent to an interval number Apo if for every € > 0, 


{k €N:|| Ay — Ao ||> €} € J. 


In this case, we write J — lim A, = Ao. If Ag = O. Then, the sequence A = (Ax) € lo0(A) is 
said to be J-null. In this case, we write J — lim A; = O. 
(ii) is said to be I-Cauchy, if for every € > 0, there exists a number m = m(e) such that 


{k €N:|| Ay — Am ||> €} € I. 
(iii) is said to be I-bounded, if there exists some M > 0 such that 
{k €N:|| Ax ||> M} € I. 


We know that for each ideal J, there is a filter £(J) corresponding to I. That is, £(1) = 
{K CN: K° € TI}, where K°=N\ K. 
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Definition 1.2. A sequence space A(A) of interval numbers is 

(iv) said to be solid (normal), if (a,A,) € (A), whenever (Az) € A(A) and for any 
sequence (a;,) of scalars with | a, |< 1, for allk EN, 

(v) said to be symmetric, if (Az(.)) € A(A), whenever A, € A(A), where 7 is a permutation 
on N, 

(vi) said to be sequence algebra, if (A;) * (By) = (Axg-Be) € \(A) whenever (Az), (Bx) € 
(A), 

(vii) said to be convergence free, if (By) € A(A) whenever (Ax) € A(A) and Ay = O implies 
B, = O, for all k. 

Definition 1.3. Let K = {ki < kz < k3...} C N. The K-step space of the (A) is a 
sequence space 3!) = {(Ag,) € w(A) : (Ag) € A(A)}. 

Definition 1.4. A canonical pre-image of a sequence (Ax,) € wr) 
(Br) € w(A) defined by 


is a sequence 


7 Ar, ifk eK, 
By= _ 
O, otherwise. 


A canonical preimage of a step space Teas is a set of canonical preimages of all elements 


in ue . That is, B is in the canonical preimage of wri) iff B is the canonical preimage of 


some A € wr), 

Definition 1.5. A sequence space (A) is said to be monotone, if it contains the canonical 
preimages of its step space. 

Definition 1.6. A function f : [0,00) —= [0, 00) is called a modulus function if 

(1) f() =O if and only ift =0, f(¢+u) < f(t)+ f(u) for all t, u > 0, 

(3) f is increasing, 

(4) f is continuous from the right at zero. 

A modulus function f is said to satisfy A2-Condition for all values of u if there exists a 
constant K > 0 such that f(Zu) < KLf(u) for all values of LZ > 1. The idea of modulus 
function was introduced by Nakano in 1953, (See [19] , Nakano, 1953). 


Ruckle 29-22] used the idea of a modulus function f to construct the sequence space 


X(f) = {@ = (ex): >- f(lenl) < co} = {2 =a, : (F(| ae |)) € X}. (7) 
k=1 

After then, E. Kolk [112] gave an extension of X(f) by considering a sequence of moduli 
F = (f,) and defined the sequence space 


X(F) = {x = (xe): (fe(lzul)) € X}. (8) 


Mursaleen and Noman !"7! introduced the notion of \-convergent and \-bounded sequences. 
We extended this concept to the sequence of interval numbers as follows. 
Let A = (Ax)Z21 be a strictly increasing sequence of positive real numbers tending to 
infinity. That is, 
0< No < Al < Ao < Ape. Ak @ CO aS k > CO. (9) 
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The sequence A = (Ax) € €s0(A) is convergent to an interval number Apo , called the 
A-limit of A, if Aj(A) — Ao, as m > 00, where 


m 


Am(A) = ~ DO — Ny-1)A, KEN. 
Here and in the sequel, we shall use the convention that any term with a negative subscript 
is equal to naught. For example, A_; = 0. 
In particular, A = (Ax) € €0(A) is said to be A-null, if Am(A) > 0, as m > ov. 
The sequence A = (A;,) € €,.(A) is A-bounded, if sup || A;,(A) ||< oo. It can be seen that 


if lim A,, = A in the ordinary sense of convergence of interval numbers, then 
m 


if be e.. & 
tim ( (S202 dna) Ae A})) =0 (10) 
k=1 
This implies that 
: 7 OF : 1< 7 7 
Him || Am(A) — A ||= tim || 5— Soe — An-1)(Ax — A) ||= 0, (11) 
™ k=1 
which yields that lim A,,(A) = A and hence A = (Ax) € £.(A) is 4-convergent to A. 
Let us denote the classes of I-convergent, I-null, bounded J-convergent and bounded I-null 
sequences of interval numbers with C1(A), C/(A), Mé(A) and MZ. (A), respectively. 
We need the following popular inequalities throughout the paper. 
Let p = (pz) be the bounded sequence of positive reals numbers. For any complex 4, 
whenever H = sup(pz) < 00, we have | \ |< max(1,| A |#). Also, whenever H = sup(p;), we 
k k 


have | ax + by |Pk< C(| ax |P* + | by |P*), where C = max(1,2¥-1). 

For any modulus function f, we have the inequalities | f(a) — f(y) |< f(x — y) and 
f(nz) <nf(a), for all x, y € [0, ox]. 

Now, we give some important Lemmas. 

Lemma.1.1. Every solid space is monotone. 

Lemma.1.2. Let K € £(1) and MCN. If M €I, then MONK ¢ I, where £(I) C 2N 
filter on N. 

Lemma.1.3. If JC 2% and MCN. If M €¢IJ, then MON € I. 


§2. Main results 


Let us give a most important definition for this paper: 

Definition 2.1.2° Let X be a space of interval numbers. A function g : X —> R is 
called paranorm on X , if for all A, Be X, 

(P,) g(A) = 0, if A=0, 


(P2) g(A) = 0, 
(P3) g(—A) = 9(A), 
(Ps) 9(A+ B) < g(A) + 9(B), 
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(Ps) if (An) is a sequence of scalars with \, —  (n > oo) and (An), Ao € X with 
g(An) > g(Ao) (nm > ov), then g(AnAn) > g(AAo) > 0 (n > ov), 

(Ps) If A < B, then g(A) < g(B). 

In this article, we introduce and study the following classes of sequences: 


Cl(A,A,F,p) = {A= (Ax) € lo0(A): {kK EN: fe (|| Ag(A) — A || ae >e} eT, for some al, 
(12) 


CHA, M,F,p) = {A = (Ag) € bso(A) : {bh EN: fel | Ae(A) II)" > eh rt, (13) 


él (A, A,F,p) = {A= (Ax) € £o0(A) : 3 K > 08.t.{k EN: fi || Ae(A) ||)" => K} rt, 
(14) 


$ATN Fy = {A = (A) € boo(A) : sup fu( |) An(A) II)” < co, (15) 


We also denote M2(A,A,F,p) = €4.(A,A,F,p) NC1(A,A,F,p) and MZ (A,A,F,p) = 
ls (A, A, F, p) NCE(A, A, F, p), where p = (px) is a bounded sequence of positive real numbers, 
F = (fx) is a sequence of moduli and A = (Ax) € 0(A) C w(A) is a bounbed sequence of 
interval numbers. 

If we take p = (px) = 1, for all k € N, we have 


Cl(A,A,F) = \4= (Ax) € £o0(A): {kK EN: fa( || Ax(A) — A] ) > €} EJ, for some al, 
(16) 


CH(A,A,F) = {A = (Ay) € boo(A) : {kK EN: fe( ll Ae(A) |) >} € 1}, (17) 


(AA,F) = {A= (Ag) € lo(A) : {k EN: 4 K > Os4fe( || Ax(A) ||) > K} € i}. (18) 


to(A, A, F) = {A = (Ap) € (A): sup fo( | Ax(A) II) < co} (19) 


Theorem 2.2. Let F = (f,) be a sequence of modulus functions and p = (pz) be the 
bounded sequence of positive real numbers. Then, the classes of sequences M&(A, A, F,p) and 
Mé, (A, A, F,p) are paranormed spaces, paranormed by g(A) = g((Ax)) = sup fe ( || Ay (Ag) || 

k 
)*, where M = max{1,sup pz}. 
a: = k sm a 

Proof. Let A= (Ax), B= (Br) € ME(A,A,F,p). 

(P;) It is Clear that g(A) =0, if A= 9. 

(P) It is also obvious that g(A) > 0. 

(P3) g(A) = g(—A) is obvious. 

(Ps) Since 46 <1 and M > 1, using Minkowski’s inequality, we have 


(A + B) = od + Bx) =sup fa( | Aa(Ae + By) 1) 
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Pk 
va 


> 


S| 


— sup fie( || Mx(A) + Ax (Be)) ||) 


Pk 
M 


< sup fi( || Ax(Ar) FF + || An(Be)) |) 


S sup f( | Ae II \ + sup f( || Bx) || 


= g(A) + 9(8). 

Therefore, g(A + B) < g(A) + 9(B), for all A, Be ME(A,A, Ff, p). 

(Ps) Let (Ax) be a sequence of scalars with (Ax) — \ (k — oo) and (Ax), Ao € 
Mé(A, A, F,p) with g(A,) > g(Ao), (k > co). Note that g(AA) < max{1,| \ |}g(A). 

Then, since the inequality g(Ax) < g(Ax — Ao) + g(Ao) holds by subadditivity of g, the 
sequence {g(A;,)} is bounded. 

Therefore, | g(AxAx) — 9(A40) [=| 9 AvAn) — g(AAn) + 9(AAR) — g(A40) [S| dx — 9 [FFI 
g(ArAx) | +] A || g(A,) — g(Ao) |> 0, as (k > 00). That is to say that scalar multiplication 
is continuous. 

(Ps) Since each f,, k € N is an increasing function, it is clear that g(A) < g(B, if A CB. 
Hence MZ(A, A, F,p) is a paranormed space. For Mé, (A, A, F,p), the result is similar. 

Theorem 2.3. The set M&(A,A,F, p) is closed subspace of 0(A,A,F,p). 

Proof. Let A™ = (A) be a Cauchy sequence in M&4(A, A, F,p) such that A) — A. 
We show that A €¢ MZ(A,A,F,p). Since A™ = (A™) € M3(A,A,F,p). Then, there exists 
A, such that {k EN: fe( || An(A™) — An || )”* = €} € I. We need to show that 

(1) (A,) converges to Apo. 

(2) If U={k EN: fx( || Ax(A) — Ao ||)” < ef, then U* € I. 

(1) Since A(”™ = (A™) is Cauchy sequence in M4(A,A,F,p) = for a given € > 0, there 
exists ko € N such that sup f( || Ag(A™) — Ag(A™) || ya < §, for all n, q > ko where 

k 


M = max{1,sup pz}. For € > 0, we have 
k 


€ 


Bng ={k EN: fe || An(A™) — Ag(A@) |] )* < (ay k 


By = {kEN: f( |] Ax(A®) — Ay Il)" < GI}, 
Bn = {REN: F( Ax(AM) ~ An) < (*, 


Then, BS,, Bo, BS € I. 


Let B¢ = BS, U BCU BE, where B= {k EN: fx( || Ag — An ||)” < e}. Then, Be € I. 
We choose ky € B°. Then, for each n, gq > ko, we have {k EN: fx( || Ag — An ||)” < e} D 


{k EN: fi || Ag — An(AM) I)?" < (SME OLB EN: fa( I] An(A™) — A(AM) ||)" < 


(SQ™@EN{k EN: fi( |] Ae(A™) — An ||)” < (5). Then, (A,) is a Cauchy sequence of 
interval numbers, so there exists some interval number Ag such that A, — Ap as n > 00. 

(2) Let 0 < 6 <1 be given. Then, we show that, if U = {k EN: fx( || Ax(A) — Ao || ‘i < 
5}, then, U* € I. Since A™ = (A) — A then, there exists qo € N such that 


P= {kEN: fo( | AeA) — Aa(A) I)" < (G59 (20) 
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implies P° € I, where D = max{1,2"~!}, H = supp, > 0. The number qo can be chosen 
k 


that together with (20), we have Q = {k EN: fx( |] An(Ago) — Ao || )°* < (35)“} such that 
Q° eI. Since {k EN: fi( |] Ag(AG%) — Ag(Ago) || )”* > 5} € I. Then, we have a subset S of 
N such that S° € I, where S = {k EN: fi,( || Ag(A() — Ay (Ago) II)? < (35) “F- 

Let US = P°UQ°U S®, where U = {k EN: fx( || Ax(A) — Ao ||)" < 5}. 

Therefore, for each k € U°, we have 


{k EN: fx ( |] Ax(A) — Ao || )”* < 5} 
> [{kK EN: fe( || Ax(AG) — Ag(A) || )?* < emis 
N{kEN: fa( || Ag(A%) — Ap (Ago) || )?* < ee 


OBEN: fa( I Ae(Aye) ~ Ao I)" <5)" PL (21) 


Then, the result follows from (21). Since the inclusions M&(A,A,F,p) C f0(A,A,F,p) and 
Mé, (A, A,F,p) C €x(A,A,F,p) are strict so in view of Theorem 2.3 we have the following 
result. 

Theorem 2.4. The spaces MG(A,A,F,p) and Mé (A,A,¥,p) are nowhere dense 
subsets of €4.(A, A, F, p). 

Theorem 2.5. The spaces Cé(A,A,¥,p) and Mi, (A, A, F,p) are both solid and mono- 
tone. 

Proof. We shall prove the result for Cj(A,A,F,p). For Me, (A, A, F,p), the result 
follows similarly. 

For, let A = (Az) € Ch(A, A, F,p) and (ax) be a sequence of scalars with | ag |< 1, for all 
k EN. Since | az |?*< max{1,| az |} < 1, for all k € N, we have 


fi( || aeAn(Ar) ||)?" < fie( || Ae(Ax) ||)", for all k EN, 
which further implies that 
{k EN: fi( || Ae(Ax) ||)” >} D{KEN: fa( || onAn(Ax) || )”* > ef. 


Thus, a%(A;z) € Cé(A, A, F, p). Therefore, the space C4} (A, A, F, p) is solid and hence by Lemma 
1.1, it is monotone. 


Theorem 2.6. Let G = supp, < oo and I be an admissible ideal. Then, the following 
k 
are equivalent. 


(a) A= (Ag) €C1(A, A, F,p); 

(b) there exists B = (B,) € C(A, A, F,p) such that A, = By, for a.a.k.r. J; 

(c) there exists B = (B,) € C(A,A,F,p) and C = C, € CJ(A,A,F,p) such that A, = 
By + Cy for all k E N and {k EN: fx ( || Ax(Be) — A || )”* > ef €T; 

(d) there exists a subset K = {ky < kp < ky...} of N such that K € £(7) and lim Se (I 
An(A)i, — A ll)?" = 0. 
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Proof. (a) implies (b) 
Let A = (Ax) € C!(A,A,F,p). Then, there exists interval number A such that the set 
{kK EN: fe( || Ax(Ax) — A ||)” > ef € I. 
Let (mz) be an increasing sequence with m; € N such that {k < me: fe( || An(Ax) — A || 
)pk > t+} € I. Define a sequence B = (By) as By = Ax, for allk < my. For m < k < 
miti, tEN, 
ae | An, if fe( | Ax(Ax) — Al] )* < #7, 


A, otherwise. 


Then, B = (B,) € C(A,A,F,p) and from the inclusion {k < m;: Ay 4 By} C {k < m : 
fie( || An(Ax) — A || )?" > e} € I. we get Ay = B, for a.ak.r. I. 

(b) implies (c) 

For A = (A,;) € C!(A,A,F,p), then, there exists B = (B,) € C(A,A,F,p) such that 
Ay = By, for a.a.k.r. I. Let K = {k © N: Ay # By}, then K € I. 

Define C = Cy, as follows: 

_ Ap, — By, if k € K, 
O, ifk¢ K. 

Then, C = (Cy) € Ch(A,A,F,p) and B = (By) € C(A,A,F,p). 

(c) implies (d) 

Suppose (c) holds. Let € > 0 be given. Let P, = {k EN: fx( || An(Cx) ||)?* > e} € J and 
K = Pf = {hy < kp < ky <ha...} € £(1). Then, we have lim fi( || Ax(Ax,,) — A | 0 

(d) implies (a) 

Let K = {ky < ko < ks <kg...} € £11) and lim fa (|| Ax(As,,) — A ||)?* = 0. Then, for 
any € > 0, and Lemma (II), we have {k EN: fx( || Ax(Ax) — A ||)" >} C K°U{k eK: 
fie( || Ae(Ax) — A || )?" > e}. Thus, A = (Ax) € C(A,A, F,p). 

Theorem 2.7. Let F = (f;,) and G = (gx) be two sequences of modulus functions and for 
each k € N, (fi) and (gx) satisfying A2-Condition and p = (px) € lo be a bounded sequence 
of positive real numbers. Then, 

(a) X(A,A,G,p) C X(A, A, F 0G,p), 

(b) X(A,A,F,p) (A, A,G,p) C X(A,A,F+G,p), for Y= Cl, CJ, MZ and Mé.. 

Proof. (a) Let A= (Ax) € C/(A,A,G,p) be any arbitrary element. Then, the set 


= Pk 
{EEN o(l] AA) I)” > eb ex (22) 
Let € > 0 and choose 6 with 0 < 6 < 1 such that fx(t) < €, O<t< 06. Let us denote 
By = gx( || Ax(Ae) Il) 


and consider lim fx (Bx) = lim fr (Bx) + lim fe (Bx). Now, since f, for each k € N is 
k By <6,kEN Br>6,kEN 
an modulus function, we have 


Pk 
cj 


(23) 


_lim — fx(Br) < f(2) _ lim (Bz). (24) 
Be <d,kEN By <d,kEN 
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For B, > 5, we have By < Bp <1+ Be Now, since each f; is non-decreasing and modulus, 
it follows that _ _ 
= B 1 1, 2B, 
fu(Br) < fill +") < 5fe(2) + 5 fel") 


Again, since each f,, k € N satisfies Az — Condition, we have 


fr (Br) < ae A) ! ae) 


Thus, fi,(Br) < K Be) f, (2). Hence, 


lim — fx(Br) < max{1, (57 fx (2))7} _ lim (Bx), H = max{1,sup pr}. (25) 

By >5,kEN By >5,kEN ie 

Therefore, from (23), (24) and (25), we have A = (Ax) € CI(A,A,F 0 G,p). Thus, 
CH(A,A,G,p) © CI(A,A,F 0G,p). Hence, ¥(A,A,G,p) © X(A,A,F 0G,p) for X= Cl. For 
X= C!, Mé and M6, the inclusions can be established similarly. 

(b) Let A = (Az) € CL(A,A,F,p) NCZ(A,A,G,p). Let € > 0 be given. Then, the sets 


{EEN fa | Ax(Ar) || i > eT, (26) 


and 


{eeEN:ou( I Ac(4s) 1)" > eb ex (27) 


Therefore, from (26) and (27), we have {ik EN: F+ G( || An(Ax) || - > cS € I. Thus, 
if 


A = (Az) € CL(A, A, F +G,p) Hence, CJ(A, A, F, p) NCZ(A,A,G,p) C CI(A, A, F + G,p). For 
X= C', Mé and MG, , the inclusions are similar. For g,(x) = x and f,(x) = f(a), V x € [0, 00), 
we have the following corollary. 

Corollary 2.8. *¥(A,A,p) C ¥(A,A,F,p), for Y= C", CZ, ME and Me... 

Theorem 2.9. Let F = (fx) be a sequence of modulus functions. Then, the inclusions 
CH(A,A,F,p) CC(UA,A,F,p) C L(A, A, F,p) hold. 

Proof. Let A= (A,) € C!(A,A,G,p) be any arbitrary element. Then, there exists some 
interval number A such that the set {k EN: fx(|| Ax(An) — A ||)?* > e} € I. Since, each fy is 


modulus, we have 
fic(|| Ax(Ar) |[)?* = fa(l] Ae(An) — A+ A |I)P* < fe(l| Ax(Ae) — A (l)?* + fe((l A (1)?*- 


Taking supremum over k on both sides, we get A = (A,) € ¢4,(A,A,F,p). The in- 
clusion CJ(A,A,F,p) C C1(A,A,F,p) is obvious. Hence Cé(A,A,F,p) C C1(A,A,F,p) C 
Ll (A, A, F, p). 

Theorem 2.10. The spaces Cj(A,A,F,p) and C!(A, A, F,p) are sequence algebra. 

Proof. Let A= (Ax), B= (Bx) € Ch(A,A,F,p). Then, the sets 


{een fu( I An(Ae) 1)” > eb er (28) 


and 


{HEN fa( | Ac(Bi) I)” > eh er. (29) 
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Pe Pk 
Therefore, from (28) and (29), we have {i EN: fe ( || An(Ag-Be) || ) > ¢ € I. Thus, 


A-BeCé(A,A,F,p). Hence, C)(A,A,F,p) is a sequence algebra. Similarly, we can prove that 
C!(A, A, F,p) is a sequence algebra. 
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Abstract In this paper we study geometrical properties of the semi-simple Lie groups by Car- 
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81. Introduction 


Let G be a semi-simple Lie group, g be its Lie algebra and J be an almost complex 
structure. A subgroup(submanifold) G is called holomorphic if J(T-G) C TG, e is identity 
element of G, where T.G denotes the tangent space to G at the point e. G is called totally 
real if J(T.G) C T.G*+ for identity element e € G, where T.G+ denotes the normal space to G 
at the point e. A generalization of holomorphic and totally real subgroups, slant submanifolds 
were introduced by B. Y. Chen in [1]. We recall that the subgroup G is called slant [1] if for 
e € Gand X € T.G, the angle between JX and T.G is a constant 6(X) € (0, ah ie., it does 
not depend on the choice of point of G and X € T.G. It follows that invariant and totally real 
subgroup with slant angle 6 = 0 and 6 = a respectively. A slant subgroup which is neither 
invariant nor totally real is called a proper slant subgroup [4]. 

In this paper we study the differential geometry of semi-simple Lie groups with Cartan 
involution. It helps us to decompose the semi-simple Lie algebra of Lie group that is called 
Cartan decomposition. Here we tried to use geometric and Lie algebraic tools for study of 
semi-simple Lie groups, like almost complex structure and Cartan involution. The aim of the 


present paper is to study the left invariant and bi-invariant almost complex structure’s behavior 


2*corresponding author 
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regarding Hermitian bilinear, symmetric form and Hermitian covariant derivative when Cartan 
involution have special relationship with almost complex structure. Furthermore, we had shown 
that the relationship between almost complex structure and algebraic homomorphisms affect 
the subalgebras. We believe that involutions are powerful tools for studying the Lie group, as 
are useful in non-commutative geometry, as they are developing in Harmonic Analysis we can 
use that results in differential geometry. This is the first paper of applications of involutions in 
the semi-simple Lie groups and in the next step we will show how they are connected algebra 
and geometry by left and right transformations instead of Exponential Functions. 


§2. Preliminaries 


Some definitions and basic concepts. 

First, we note that throughout this paper F' = R or C. 

Definition 2.1. A Lie algebra over F is pair (g,|.,.]), where g is a vector space over F 
and 


[,]: 9x99 
is an F-bilinear map satisfying the following properties 


[X,Y] = -[¥, x], 
ii)[X, [Y, 2]] + [2, [X, Y]] + [¥,[4, X] = 9, 


the latter is the Jacobi identity. In this paper for any X,Y € g we have 
[X,Y] =VxY —VyX, 


where V is covariant derivative. A Lie subalgebra of a Lie algebra is a vector space that is 
closed under bracket. 

Let G be a Lie group(smooth manifold equipped with positive definite bilinear, symmetric 
form) and e € G be identity element, then g = T.G is called Lie algebra of Lie group.(dimg = 
dimT.G = dimG) 

First we say a Lie group H of a Lie group G is a subgroup which is also a submanifold. 
The following theorem shows the relationship between Lie subgroups and Lie algebras. 

Theorem 2.1. [3] Let G be a Lie group. 
(a) If H is a Lie subgroup of G, then h ~ T.H C T.G ~ gg is a Lie subalgebra. 
(b) If 6 C g a Lie subalgebra, there exists a unique connected Lie subgroup H C G with Lie 
algebra . 

Let G be a Lie group equipped with a bilinear symmetric form, by using only these identities 


and combining a few permutations of variables obtain the formula 
1 
(VxY,Z) = 5{X(Y, Z) + Y(X, Z) — Z(X,Y) (1) 


But in this case three terms of it vanish since (X,Y) is constant [2]. 
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Definition 2.2. Let G be a connected Lie group. The subgroup 
Z(G) = {x EG: ay = yz, Vy € Gh, 
is called the center of G It is a Lie subgroup with corresponding Lie subalgebra 
Z(g) ={X €g: [X,Y] =0,VY € g}. 


In present paper we study semi-simple Lie groups and will review geometric features of 
these groups. First we give required concepts. 

A Lie subalgebra § C g is called an ideal if [h, g] C h. The Lie algebra of a normal Lie 
subgroup of G is necessarily an ideal. A Lie algebra g is called simple if it has no nontrivial 
ideals (that is 0 and g are the only ideals in g). It is called semi-simple if it is a direct sum of 
simple Lie algebras or contains no nonzero solvable ideals. Note that this in particular implies 
that the center Z(g) = 0. A Lie group is called simple (respectively semi-simple) if its Lie 
algebra is simple (respectively semi-simple). 

If (G, (,)) be a Lie group equipped by left invariant inner product and g is the Lie algebra 
of G and H is a Lie subgroup with Lie algebra h, we defined 


hy ={X €h | (X,Y) =0;V¥ € gh. 


The next theorem expresses useful information about semi-simple Lie algebras. 

Theorem 2.2. [3] Let g be a semi-simple Lie algebra. 
(i) If I is ideal of g, then g=I@ I+. 
(ii) If g be a semi-simple Lie algebra, then any subideal of g is ideal of g. 
(iii) If g is semi-simple, any ideal of g is semi-simple. 

Next two states are so important throughout of this paper. 

Let (,) be a left invariant bilinear symmetric form on a connected Lie group G. This form 
will also be right invariant if and only if ad(X) is skew-adjoint for every X € g. therefore if (,) 
be a left invariant form on a connected Lie group G, then ad(X) is skew-adjoint, in this case 


1 
VxY a IXY, 


whenever V is covariant derivative. Throughout this paper Lie groups are connected. 


§3. Cartan involution 


Let g be a Lie algebra of Lie group G. An automorphism o : g — g such that 0? = idg is 
called involution. Such an involution yields a decomposition into eigenspaces to the eigenvalues 
+1 and -1. An involution 6 of a semi-simple Lie algebra g such that the symmetric bilinear 


form 
Bo(X, Y) = =B(X, 6Y), 


is positive definite and is called Cartan involution. 
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Definition 3.1. A Cartan decomposition, is a vector space decomposition g = t+ p, 
where t is a subalgebra, p is a subspace, [t, t] C t, [t,p] C p, [p,p] C t, and Bg is negative definite 
on t and positive definite on p. 

For Bg we can consider: 

(1) B is negative definite on t, then 0X = X, for any X € t. 

(2)B is positive definite on p, then 6V = —V, for any V € p. 

We have a decomposition of the from g = t@p. for all X,X "€t and Y, Ye p, furthermore; 
we have 


[t, ] C t= OLX, X] = [X,X] = (0X, 0X], 
[t, p] C p > OLX, Y] = -[X, Y] = [X, -Y] = [6X, Y], 
[p,p] Ct > OY, Y ] =[Y,Y ] =[-Y,-Y ] = [6Y, oY’ ]. 


Thus t is a Lie subalgebra, while any subalgebra of p is commutative. Bg is symmetric, bi- 
linear, positive definite form. In the following theorem we consider behavior of t and p with 
automorphisms. 

Theorem 3.1. Let o € autg be an arbitrary element such that Bo(oX,cY) = Bo(X,Y), 
then 


ijo(t) Ct, 

ii)o(p) Cp. 

Proof. Let X,Y € t and V,W € p are arbitrary elements. If o(p) C t, then 
o([X,V]) = [o(X), o(V)], 


left hand is an element of t, then from right hand we conclude o(t) must be an element of t. 
On the other hand, assuming o(t) C p, contradicts o([X,Y]) = [o(X),o(Y)]. Furthermore, if 
o(p) Cp, then 


o([X,V]) = [o(X), o(V)}, 
which implies o(t) C t and if o(t) C t, using 

o([V,W]) = lo(V), o(W)], 
we cannot determine o(p). Therefore o(t) C t. If o(p) C t, then 


Bal(lV, X],Y) = Bo(lo(V), o(X)],0(¥)). 


Thus o(p) C p. 


Suppose Bg is a bi-invariant form, then 
Bo(X, [V,W]) = Be(W, [X, V]) = Be(V, [W, X]), (2) 


for all X,Y,V,W € g. Some straightforward computations show that 


R(X, Y)Z = “llx,¥), 2. (3) 
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Now we can see 
VR(X,Y;V,W) =0, 


for all X,Y,V,W € g, therefore semi-simple Lie groups with bi-invariant form are symmetric 
spaces. Applying V to R, we have 


1 
Vv R(X, Y)Z4+ VzZR(X,Y)V = 5 R(X, Y)[Z, V], 


for all X,Y,Z,V © g. The theorem explain features of semi-simple Lie groups when Bg is 
bi-invariant. 
Theorem 3.2. Let G be a semi-simple Lie group equipped with bi-invariant form Bg 
and § is a subset of p so that it’s a Lie subalgebra. Then 
(1)adt(h) € p, 
(2)adt(p) € b, 
(3) Bo([U, V], [X, Y]) = Bo([X,V],[U,Y]) =0, forall X,Y et and Ueh,Vep, 
(4)h C ae a subset) 
(5)[p, p] C t, (proper subset). 


Proof. From definition we know h is an abelian subalgebra and from (2) we get 
Bo([X,U],W) =0, 
for all U,W € § and X € t, now proof of (1) is trivial. Let U € h, V € p and X € t, then 
Bo(X,[V,U]) = Bo(U,[X, V]) = Bo(V,[U, X]) £0. 
Hence [t, p] € b and proof of (2) is completed. For third part from Jacobi identity we get 
[U,[X,V] = [[U, X],V] + [X, [U, V]] = 0. (4) 
Thus [[X,U], V] = [X, [U, V]] and we have 
Bo((U,[X, V]], Y) = —Bo([X, V],[U, Y]) =0, (5) 
and 
Bo((X,U],V],Y) = Bo([X, U], [V, Y]) = —Bo([X, Y], [U, V]) = 0. 


Let p = § in this case from (5) we conclude that [U,X] € b, from (1) proof of (4) is trivial. 
Finally; suppose X,Y € t and Y is an arbitrary element, then there are V,W € t such that 
= [V,W], then 


Bo(X, y) = Bal IV, WI,Y) _ Bal V, [W, Y)) = 0. 


Therefore X € Radg and the proof is completed. 
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As regards Lie group G is a smooth manifold we introduce to almost complex structure. 
Let G be a real 2n-dimensional Lie group. An almost complex structure on G is defined by a 
linear map J: g — g satisfying: 


Jat, 


the pair (g,J) is called an almost complex Lie algebra[1]. If a Lie group has almost complex 
Lie algebra, it’s called almost complex Lie group. The Nijenhuis tensor N of an almost complex 
structure J is defined by 


N(X,Y) = J[X,Y] —[JX,Y] - [X, JY] — J[JX, JY], 


for any X,Y € g. 
Let J be a left invariant almost complex structure, also if Bg be a left invariant form, if for 
any X,Y € g, we have 


Bo(X,Y) = Bo( JX, JY), (6) 
Bo is called Hermitian form. Using (6) we have 
Be(JX,Y) = Bo(J2X, JY) = —Bo(X, JY), 


which means that J is skew-symmetric. 

If Nijenhuis tensor vanishes, then there exists a complex structure on G and J is an almost 
complex structure which is induced from the complex structure on G. An almost complex 
structure J on a Lie group G is called bi-invariant if it is invariant with respect to both, left 
and right translations on G, On corresponding Lie algebra g of G this condition is equivalent 
to ado J = Joad,i. e. 


[X, JY] = J[X,Y]. 


for all X,Y € g. Immediately we conclude that [JX, JY] = —[X,Y] [6]. In this case t and p 
are invariant and it’s obvious that Nijenhuis tensor is vanishes, i. e. J is a complex structure. 
An almost Hermitian Lie group G is called nearly Kahler Lie group if 


(VxJ)X =0, 
also, it is called Kahler Lie group if 
(VxJ)Y =0. 


for all X,Y € g. If G is a Kahler Lie group and J is a bi-invariant almost complex structure, 
then 


R(X, Y)JZ = JR(X,Y)Z. (7) 
Hence, we compute 


Bo(R(X,Y)JZ,W) = Bo(R(X,Y)JW, Z). 
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We define the Holomorphic curvature by 
A(X) = Bo(R(X, JX)X, JX). 


and it’s trivial H(X) = 0, for any X € g. If J and Bg are left invariant, then we call the 
(G, Bo, J) is left invariant almost complex Lie group and also for bi-invariant. If y be an 


automorphism, from below equation 
vlt, ] = [vt vt), 
we conclude y: t— t, ie. tis invariant by any automorphism and now from 
Bo(eX, pV) = Bo(X,V), 


we realized that y : p > p or y(p) = 0, for any X € t and V € p. In this case from the first 
theorem of homomorphism of Lie algebra, we get 


He 


Pp 


and we have V + g € t, therefore y(p) 4 0 and wy: p > pf, in a similar way it can be shown that 
y(t) £0. For an almost Hermitian (G, J, Bg) we define the J — Ric tensor as 


Ric? (X,Y) = traceZ > —J(R(Z, X)JY)). (8) 
If G is a Kahler manifold then Ric’ and Ric coincide. By simple calculations, we get 


Ric(X,Y) = TEBollX, ei], [Y,e:]) = Bal, Y), (9) 


whenever {e;}?”, is an orthonormal basis. Now from Ric(X,Y) = = BolX, Y) we have S = : 
n 
1 
or qaimG. We calculate the Weyl curvature tensor, but first we need definition of Kulkarni- 
Nomizu product. 
(h © b)(X,Y, Z,V) = W(X, Z)K(Y, V) + AY, VAX, Z) 
— W(X, V)R(Y, Z) — ACY, Z)K(X,V), (10) 


for all X,Y, Z,V € g. Then we have the Weyl tensor 


W(X, Y,Z,V) = R(X, Y,Z,V) - 


_ TE BK V) © Bol¥, 2). (11) 


—— 5 Bo(X, V) © Ric’ (Y, Z) 


S 
Also, Ric? = ric — — Bo, therefore 
n 


1 
Ric°(Y, Z) = —[Bol¥, Z). 


Then 


12 
(n—D(Qn—1) 


W(X,Y,Z,V) = _BollX,¥), (2, V)) Bo(X,V) © Bo(Y, Z). 
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From the algebraic Bianchi identity we define map b with 
b(R)(X,Y,Z,V) = S{RUX, Y,Z,V)+ R(Y,Z,X,V) + R(Z,X,Y,V)}, 
for all X,Y, Z,V € g. In this case we will have 
W(R)(X,Y,2Z,V) = {BolllX, Y], 2], V) + Bo([[¥, 2], X],V) 
+ Bo([[Z,X], Y],V)} = 0. 


Now we give some calculations which are frequently used in this paper. 

Suppose X € t and Y € p are arbitrary elements of g such that [X,Y] = V and there is 
Z €tsuch that [Z,[X,Y]] = W, then By(V,W) = 0. In the other case let X,Y € t, V,W Ep 
and Z,U €n, nis a subspace of p, such that V = [Z, X] and W = [U,Y], then 


Bol V, W) = Ba([Z, X], [U, Y)) = Bo(X, (IU; bale Z)), 
= Be X, |U,[¥, Z))) = Bo([U, X], |Z, Y]). 


Then, if we put V = (U,X], W =[Z,Y], we get 
Bo(V,W) = Ba(V ,W’). 


Now let X,Y € tand V,W,W’ €p such that X = [V,W] and Y = [V,W’], then using Jacobi 
identity, we find 


[WX] =[W [VW] =-[Y,W]+[V,[w', Ww], 


[W,¥] = (WIV, W']] = -X,W] + (VW, WT], 
[[W',W],V] =[W,Y] -[X,w']. 
If W,W’ ©, where § is a subalgebra of p, then 
[X,W] = -lY,W], 
using theorem 3.2 and Jacobi identity we have 
[t, 1b, 67] = [[t, 6), 6°] + [b, [t,6°]] = [b~, 6] + [5, 5). 
Let X =[V,V'] and Y =[W,W’], for all V,W €h andV',W’ € 6+, then 
[X,¥] = [X, [W,W']] = [[X, W], Ww’), 


and we conclude [X,Y] € [h+,6+]. Let [X,Y] = [V,W] = Z, for all X,Y € t and V,W ep, 
then by straightforward calculations we have 


Bo(Z, Z) = Bo([X, Vi, [Y, W)) 2 Bo([X, Wi, [Y, V)). 
For Hermitian forms we can provide the definition of Hermitian covariant derivative by 
= 1 
VxY =VxY+ a VxI)¥, (12) 


for all X,Y € g [5]. It is obvious that if J is a bi-invariant almost complex structure, then V = V 


and if J is a left invariant almost complex structure, some calculation gives the following results. 
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: i 1 1 

(1)Vx¥ — Vy X = [X,Y] + 5J[X,¥] + 5VxJY — 5VvIX, 
z 1 1 

(2)VxX = VxX + 5VxIX — SIVKX, 

(3)(VxJ)¥ = (VxJ)Y¥ — Wel, 

(4) 


- 1 1 
4)VxJY =VxJY — 5 es 


for all X,Y € g. 
Curvature tensor Corresponding to the definition of the Hermitian covariant derivative 


in (12) we define curvature tensor by 
R(X, Y)Z =VxVyZ —VyVxZ -VixyjZ 
for all X,Y, Z € g. With the relatively long calculations we get the following fact. 


: 5 1 1 
R(X,Y)Z = TR(XY)Z — 5IR(X,Y)Z + 5R(X,Y) IZ 


1 


1 1 
-_ ql RX, Y)IZ+ 1 eer SIVixyIZ 


4 
+ LVxJVyIZ + pIVxIVyZ — iVyIVxIZ 
= PIV v IV xZ. 

Furthermore, using similar calculations we find 

K(X,Y) = —K(X,Y)+ SR(X, Y,Y,JX)+ SRX, Y,7Y,X), 
R(X, Y, JY, JX) + ~BolVix, y]Y,X) - {Bol Vix iJ. JX), 


i 1 
Bo(VxIVy JY, X) — [Bo(VxJVvY, JX) — [Bo(VyJVxJY, X), 


t 
Hl le ae 


+ [Bo(Vy IVxY, IX), 


for all orthonormal X,Y € g. In the following lemma we investigate the relation between the 
Hermitian covariant derivative and the sectional curvature. 

Theorem 3.3. Let (G, Bg, J) be a semi-simple almost Hermitian left invariant almost 
complex Lie group. Assume that Vx Y = 0 and [X,Y] = 0, for all X,Y € g. Then the following 
statements are equivalent 
iJ(t) Ct 
li) J(p) Cp. 


Proof. Let VxY = 0, then 
1 
Vx¥ = —5(VxJ)Y, (13) 
since Bg is left invariant form we get 


1 1 
Vx¥ =-5VxJ¥ + 5JVxY (14) 
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and applying J on (14) we get 

JIVxY = —5IVx IY - SVX, 
using (12) we have 

VxJY =VxJY - SVx¥ - SIV KAY. 
Combining (14) and (16) we obtain 
Vel = °V x JV - pIVxY - SIV KAY. 
Also, combining (15) and (16) we get 
VxdJY =VxJY + JVRxY. 

Comparing (17) and (18) and brief calculations, we have 

(VxJ)Y¥Y =4IVxY +2IVxJY, 
using (13) and (19) and brief calculations, we get 

VxY =-2IVxY — JIVxXJY. 
By changing X and Y we find 

Vy X =-2IVyX — IJVy IX. 
By subtracting the (20) and (21) we obtain 

[X,Y] = —2J[X,¥] — J[7X,Y). 
Let J(t) C t and J(p) C t, from (22) we have 


[p, €] = —2J|p, t] — J{ Jp, t]. 


(15) 


(16) 


(17) 


(18) 


(19) 


(20) 


(21) 


(22) 


(23) 


It’s trivial left hand is an element of p and right hand is an element of t, therefore J(p) C p, 


conversely, is proven in similarly way. 


Lemma 3.1. Let G be an almost Hermitian Lie group with a left invariant almost 


complex structure. If (Vx J)Y = 0, then 
VxY —JIVxY =—-VxJY — JVxXJY, 
for all X,Y € g. 


Proof. Using (13) and some calculations the proof is trivial. 


Lemma 3.2. Let G be an almost Hermitian Lie group with a left invariant almost 


complex structure. Then 
- 1. 
VxY -—VxY = gi(Vxd)Y —JS(VxJ)Y}, 


for all X,Y € g. 
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Proof. From (12) we have 
(VxJ)¥ =VxJY — JVxY, 
=(VxJ)Y — J(VxJ)Y. (24) 
From (12) and (24) we get 


= i ee 1 
VxY =VxY+ a (VxdJ)¥ — gh(Vx IY, 


and the proof is trivial. 


§4. Semi-simple Lie group with special automorphisms 


In this section a type of automorphisms are studied that called special automorphisms 
which they have a delicate relationship with almost complex structure, at the first step main 
definition. 


Definition 4.1. The automorphism ¢ is called special automorphism if 
JoX =-—aJX, 


for any X € g. 
Throughout this section automorphisms are assumed to be special. Since a Cartan invo- 


lution is an automorphism, then for X € t we have 
JOX =JX and JOX =-d)X, 

therefore JX = —0JX and JX must be an element of p. Also, if X € p, then 
JOX =-—JX and JOX =—-dJX. 


Thus —JX = —6JX and we conclude JX € t. Ultimately, if 6 as Cartan involution is special 
automorphism then t and p are anti-invariant. Let J be a left invariant almost complex structure. 
By straightforward calculations we get the following facts about Nijenhuis tensor, 
(1) N(6X, 0Y) = -ON(X,Y), for all X,Y € g, 
(2)N(@X,Y) = N(X, 6Y), for all X,Y € gor X,Y Ep, 
(3) N(0X,Y) = —N(X, OY), for all X Eg Y Ep. 
Moreover, for the Hermitian covariant derivative we have, 
(1)VexOY = VxY, for all X,Y € gor X,Y €p, 
(2)Vox0Y = —VxyY, for all X eg, Y Ep, 
(3)0(VxY) = VxY —(VxJ)Y, for all X,Y € g. 


Following lemma shows the relationship between the 6 and the Hermitian covariant deriva- 
tive. 
Lemma 4.1. Let (G, J, By) be a left invariant almost Hermitian semi-simple Lie group 


and @ be a special automorphism as a Cartan involution, then 
OVxY = Vox0Y — (Vox J)OY 


for all X,Y € g. 
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Proof. We have 


OVxJI)¥Y =OVxJIY —O0IVxY = —-VoxJ0OY + JVox0Y = —(VoxJ)0Y. (25) 


From (12) and (25) the proof is trivial. 


Lemma 4.2. Let (G,J, By) be a left invariant semi-simple almost complex Lie group 
such that Cartan involution be a special automorphism. Assume VxY = 0, then VxY = 0, 
for all X,Y € g. 


Proof. From the assumptions we have 

2VxY +IVXY =VxXJY. (26) 
Using the anti invariancy of t and p and applying 6 to (26) we find 

2VxY —JSIVxY =-VxJY (27) 


From (26) and (27) we have Vx Y = 0, for all X,Y € p. Now let X € tand Y € p, applying 0 
to (26) we obtain 


—2VxY+JIVxY =VxJY. (28) 
Comparing (26) and (28) we have 


JIVxY =VxJY, (29) 


thus VxY = VxY and the proof is complete. 


Corollary 4.1. Let (G,J, Bg) be a left invariant semi-simple almost complex Lie group 
such that Cartan involution be a special automorphism. Assume VxY = 0, then 
(1)(VxJ)¥ =VxJY + JVxJY, for all X,Y €t, 
(2)(VxJ)Y¥ =0, for all X €tandY Ep. 


Proof. We have 
(VxJ)¥ =VxJY — JVxyY, 
1 
=VxJY+ 5 (Vx AY, 


1 
=VxJY — go vee 


for (1) and (2) the proof is trivial. 


Theorem 4.1. Let (G,J, Bg) be a left invariant semi-simple almost complex Lie group 
such that Cartan involution be a special automorphism. Assume (Vx J)Y = 0, for all X,Y € g, 
then g is a nearly Kahler Lie algebra. 
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Proof. Using the definition of V and assumptions we have 
VedY =JVe%, 
then 
VaJ¥ ~SVx¥ ~5IVxJY = JVXY + SIVKIY ~ SV XY, (30) 

therefore 

VxY =—-VxJY + IVxY + IVXJY. (31) 
Applying @ to (31) we have 

VxY =VxdY —JIVxY + IVxXJY. (32) 
Comparing (31) and (32) we obtain 


[X,Y] = -2VxJY¥ +2UVxY = -2VxJ)Y, (33) 


we put X=Y and obtain (Vx J)X =0, now the proof is complete. 


Lemma 4.3. Let (G,J, Bg) be a left invariant semi-simple almost complex Lie group 
such that Cartan involution be a special automorphism and Vx JY = —JVxY. Then 


(VxJ)Y =2VxJY, 
for all X,Y € g. 
Proof. We have 
VxY =VxY + 5(Vxd)¥ = VxY+VxJY. (34) 
This implies 


(VxJ)¥ =VxJY — JVxY, 
= Vxd¥ —VxY —JVxY — JVxJY, 
= -2IVxY. (35) 


The proof is complete. 


Some problems for study 


Let (G, J, Bg) be a left invariant, semi-simple, almost complex Lie group. 
(1) It would be interesting to research the case that 


ad?(X)V = —||X||?V 


for all X € t and V Ep. 
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(2) So it would be interesting to find properties of G while J is abelian almost complex 


structure 
[X,Y] = [JX, JY] 


for all X,Y € g. 
(3) It would be interesting to consider case JO = OJ. 
(4) For Hermitian case we can bring the definition of J-Hermitian covariant derivative by 


= 1 
VxY =VxJIY+ a (VxI)JY 


for all X,Y € g. So it would be interesting to study G with V and Bo. 
(5) It will be so interesting to study G, while covariant derivative 


VxJY =—-JVxY 


for all X,Y € g. 
(6) It would be interesting to study slant, semi-slant, hemi-slant subgroups of semi-simple 
Lie groups [1]. 
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§1. Introduction and preliminaries 


The concept of a fuzzy subset was introduced and studied by L. A. Zadeh [16] in the year 
1965. The subsequent research activities in this area and related areas have found applications 
in many branches of Science and Engineering. C. L. Chang [4] introduced and studied fuzzy 
topological spaces in 1968 as a generalization of topological spaces. Many researchers like R. 
H. Warren ( [15], [14],) K. K. Azad ( [1], [2]) G. Balasubramanian and P. Sundaram [3], S. R. 
Malghan and S. S. Benchalli ( [7], [8]), M. N. Mukerjee and B. Ghosh [10], A. Mukherjee [9], 
A. N. Zahren [17], J. A. Goguen [6] and many others have contributed to the development of 
fuzzy topological spaces. 

In 2001-2003, Nakaoka and Oda ( [11], [12] and [13]) introduced minimal open sets and 
maximal open sets, which are subclasses of open sets. In 1978, Cameron [5] introduced regu- 
lar semi-open set which is weaker than regular open set and regular closed set in topological 
spaces. K. K. Azad [1] defined fuzzy regular open sets in fuzzy topological spaces in the year 
1981 and study their related fuzzy regular continuity in fuzzy topological spaces. Thereafter, 
Mathematicians gave in several papers in different and interesting new open sets. In 1994, 
A. N. Zahren [17] introduced the concept of fuzzy regular semi-open sets in fuzzy topological 
spaces. In this paper, we introduce and study the notion of fuzzy maximal regular semi-open 
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sets and fuzzy minimal regular semi-closed sets in fts’s. In section 3, we also introduce a new 
class of mappings viz., fuzzy maximal regular semi-continuous, fuzzy maximal regular semi- 
irresolute functions, fuzzy maximal regular semi-connectedness and establish interrelationship 
among them and some of their properties, characterization theorems and some applications in 
details. As for basic preliminaries some definitions and results are given for ready references. 

Throughout this paper, X, Y, and Z mean fuzzy topological space (fts, for short) in Chang’s 
sense. For a fuzzy set \ of a fts X, the notion I*, A° = 1x — A, Cl(A), Int(A), FM, RInt()), 
FM,RC1(A) will respectively stand for the set of all fuzzy subsets of X, the complement, fuzzy 
closure, fuzzy interior, fuzzy maximal regular interior, fuzzy minimal regular closure of A. By 1g 
(or Ox or d) and 1x (or X) we will mean the fuzzy null set and fuzzy whole set with constant 
membership function 0 (zero function) and 1 (unit function) respectively. A fuzzy point 2, for 
t ify=a2 
0 ifyf#u. 

The set of all fuzzy points in X is denoted by Pt(X). A fuzzy point x, € Xd iff t < A(z). 
A fuzzy set » is quasi-coincident with y, denoted by Aqu, if there exists x € X such that 


t € Ig is an element of J* such that x;(y) = 


A(x) + w(x) > 1. If A is not quasi-coincident with , we denoted Aqu. 
Definition 1.1. /1]/ A fuzzy subset X of fuzzy space (X,T) is said to be 


(1) fuzzy regular open set if Int(Cl(A)) = . 
(2) fuzzy regular closed set if Cl(Int(A)) = X or if lx — A is fuzzy regular open set in X. 


The class of all fuzzy regular open and fuzzy regular closed sets are respectively denoted 
by FRO(X) and FRC(X). 

Lemma 1.1. /1/ If a fuzzy topological space (fts, for short) (X,T) is product related to 
another fts (Y,o) then for \ € I* and we IX, Cl(X x p) = Cl(A) x Cl(p). 

Lemma 1.2. /1/ If f : (X,7:) — (Y,a;) fuzzy mappings and r,; be fuzzy set of Yi, 
(i =1,2). Then, (fi x fo)7'(A1 X Az) = fy (An) fg (a). 

Definition 1.2. /17] A fuzzy set X of a fts X is said to be fuzzy regular semi-open 
set in fts X if there exists a fuzzy regular open set w in X such that p < » < Cl(p) (or 
A < ClULFRInt()) and its complement 1x — X is called fuzzy regular semi-closed set of X. 

We denote the class of all fuzzy regular semi-open sets and fuzzy regular semi-closed sets 
in fts X by FRSO(X) and FRSC(X). 


§2. Fuzzy maximal regular semi-open sets and fuzzy mini- 


mal regular semi-closed sets 


In this section, we introduce the notion of fuzzy maximal regular open (resp. maximal 
regular semi open) sets and fuzzy minimal regular closed (resp. minimal regular semi closed) 
sets and study their properties. Some fundamental theorems and their applications are also 
studied. 

Definition 2.1. A non empty proper fuzzy regular open set of any fuzzy space (X,T) 


is said to be fuzzy maximal regular open set if any fuzzy regular open set which contains is 
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either X or 1x. 

Definition 2.2. A non empty proper fuzzy regular closed set 3 of any fuzzy space (X,T) 
is said to be fuzzy minimal regular closed set if any fuzzy regular closed set contained in f is 
either 14 or B or equivalently, if B° is fuzzy maximal regular open set in (X,T). 

The family of all fuzzy maximal regular open set and fuzzy minimal regular closed sets are 
respectively, denoted by FM,RO(X) and FM; RC(X). 

Definition 2.3. A non empty proper fuzzy subset \ € IX of any fts (X,7) is said to be 
fuzzy maximal regular semi-open set in X if there exists a fuzzy maximal regular open set r1 
such that Ay < XA < Cl(Ay) or if A < CILFM,RInt())). 

Definition 2.4. A non empty proper fuzzy subset 3 € I* of any fts (X,T) is said to be 
fuzzy minimal regular semi-closed set in X if there exists a fuzzy minimal regular closed set Q, 
such that Int(G1) < 6B < fy or if FM; RCIUInt(A)) < d. 

Or equivalently, the complement (i.e., Ly — 3) of @ is fuzzy maximal regular semi-open set 
in X. 

Or equivalently, the complement of a fuzzy maximal regular semi-open set is called a fuzzy 
minimal regular semi-closed set in X. 

The family of all fuzzy maximal regular semi-open and fuzzy minimal regular semi-closed 
sets are respectively denoted by FM,RSO(X) and FM;RSC(X). 

Example 2.1. Let X = {a,b,c} and 7 = {1¢, A1, A2, A3, Aa, As, As, Lx}, where 


Ai(a) = 0, A1(b) = 1, Ai(c) = 1; 
A2(a) = 1, A2(b) = 1, Ao(c) = 0; 
A3(a) = 1, A3(b) = 0, A3(c) = 1; 
Aa(a) _ 1, Aa4(b) = 0, Aa(c) = 0; 
As(a) = 0, As(b) = 0, As(c) = 1; 
Ae(a) = 0, Ag(b) = 1, As(c) = 


0 
Then (X,T) forms a fts. FRO(X) = {14, 41, A2, A3, Aa, As, AG, 1 x }- 


FM,RO(X) = {1, 2, \3} = FMaRSO(X) and 
FM;RO(X) = {\4,A5, Ae} = FM, RCO(X). 


Theorem 2.1. 


(1) Union of arbitrary member of fuzzy maximal regular semi-open (resp. fuzzy maximal 
regular open) sets is either fuzzy maximal regular semi-open (resp. fuzzy maximal regular 


open) set or fuzzy whole set 1x. 


(2) Intersection of arbitrary member of fuzzy minimal regular semi-closed (resp. fuzzy mini- 
mal regular closed) sets is either fuzzy minimal regular semi-closed (resp. fuzzy minimal 


regular closed) set or fuzzy null set 1g. 


Proof. (1) Let {Aq : a € A} be an arbitrary collection of fuzzy maximal regular semi-open (resp. 
fuzzy maximal regular open) sets in X. Then, for each a, there exists a ta € FM,RSO(X) 
(resp. Ua € FM,RO(X)) such that ta < Aq < Cl(a). Taking union of all such relations, we 


have 
V Ha Sra < V Clute): 
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=> V la SV Aa SV Cl(oa) S CUV He) [Since, V Cl(Ha) < CUV Ha) | 
=> Vita s Va < CU Ha). (1) 


But, V fa = 1x or pe = py, 1,79 € A. 

If V ta = 1x, then (1) > lx < WAa < Cll x) > Vira = Lx. 

If uw; = wy = pw, 1,7 € A, then (1) > wp < VAa < Cl(u) > V ba € FMRSO(X). (resp. 
V fa € FM,RO(X)). 

(2) Let {G. : a € A} be any collection of fuzzy minimal regular semi-open (resp. fuzzy 
minimal regular open) sets in X. Then, G,° € FM,RSO(X) 
(resp. Ba° € FM,RO(X)), for each a and for each a, there exists a ¥_ € FM,RSO(X) (resp. 
Ya € FM,RO(X)) such that ya < Ba < Cl(ya.) for each a. Taking union of all such relations, 
we have 

Via < VBS < VEU) 

= Va SV BE SV Cla) < CUV Ya) [ Since, V Cl(jta) < CUV Ha)] 

= Vie SV Ba < CUV Ya): 

=>V 66 ¢ FM, RSO(X). (resp. VV 86 € FM, RO(X)). 

But V ye = 1x or % =, 1, GE A. 

If V Ya = 1x then (i) ly < V 65 < Cl(1x) > V 66 = Lx. 

If y= 19 = 7,4, 9 € A, then (i) > y SV BE < Cl(y) 

= VBE = (A Ba)® € FMaRSO(X)(resp.(( Ba)° € FMaRO(X)) 

=> \ Ba € FM;RSC(X). (resp. \ Ba € FM;RC(X)). 


Remark 2.1. 


(1) Intersection of finite or infinite number of fuzzy maximal regular semi-open (resp. maxi- 
mal regular open) sets may not fuzzy maximal regular semi-open (resp. maximal regular 


open) sets in X. 


(2) Union of finite or infinite number of fuzzy minimal regular semi-closed (resp. minimal 
regular closed) sets may not fuzzy minimal regular semi-closed (resp. minimal regular 
closed) sets in X. 


Example 2.2. In Example 2.1, 1 and 2 are fuzzy maximal regular open set in X. 
But 1 A rA2 = Ag which is not fuzzy maximal regular open set in X. Also, r4 and 5 are 
fuzzy minimal regular closed set in X. But 4 V As = A3 which is not fuzzy minimal regular 
closed set in X. Also, we see that \1 and Xz are fuzzy maximal regular semi-open set in X. But 
Ai A A2 = Ag which is not fuzzy maximal regular semi-open set in X. Also, 4 and »5 are fuzzy 
minimal regular semi-closed sets in X. But 4 V A5 = Ag which is not fuzzy minimal regular 
semi-closed set in X. 

Remark 2.2. Every fuzzy maximal regular open (resp. fuzzy minimal regular closed) 
set is fuzzy maximal regular semi-open (resp. fuzzy minimal regular semi-closed) set but the 
converse is false which is shown by the following example. 

Example 2.3. Let X = {a,b,c} and r = {0x, Ai, A2, 3, 4, Lx} where 

A1(a) = 0.1, A1(b) = 0.4, A1(c) = 0.6; 
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A2(a) = 0.7, Ao(b) = 0.2, A2(c) = 0.4; 

A3(a) = 0.7, A3(b) = 0.4, A3(c) = 0.6; 

Aa(a) = 0.1, Aq(b) = 0.2, Aq(c) = 0.4. 

Fuzzy closed sets in X are T° = {0x, 01, 62, 63, 04, 1x} where 

d1(a) = 0.9, 61(b) = 0.6, 61(c) = 0.4; 

62(a) = 0.3, 62(b) = 0.8, 62(c) = 0.6; 

63(a) = 0.3, 63(b) = 0.6, 63(c) = 0.4; 

d4(a) = 0.9, 64(b) = 0.8, d4(c) = 0.6. 

Then (X,r) forms a fts. Here, A1, A2, 3, A4 are fro sets in X. Here, r3 is the only fuzzy 
maximal regular open set in X. This implies \3 © FM,RO(X). Now, since »3 < A < Cl(A3) = 
64, we take X = (0.84, 0.4, 0.6.). This implies that is fuzzy maximal regular semi-open set in X, 
which is neither fuzzy regular open nor fuzzy maximal regular open set in X. Similarly, 63 is fuzzy 
minimal regular closed set in X implies that 63 € FM;RC(X). Now, since Int(d3) < 6 < ds, 
we take 6 = (0.34, 0.25,0.4.). This implies that 6 is fuzzy minimal regular semi-closed set in X, 
which is neither fuzzy regular closed nor fuzzy minimal regular closed set in X. 

Corollary 2.1. Let X be a fuzzy topological space, then 


(1) FM,RO(X) C FM, RSO(X). 
(2) IfX € FM,RSO(X) and A < ry < Cl(A), then 1 € FM, RSO(X). 
Definition 2.5. 


(1) The union of all fuzzy maximal regular semi-open sets of X contained in a fuzzy set [is 
known as fuzzy maximal regular semi-interior of 4 and is denoted by FM,RSInt() 1. e., 
FM,RSInt(p) = sup{A; : Aj < wand»; € FM,RSO(X) ; 7 € A, an arbitrary index set.} 


(2) The intersection of all fuzzy minimal regular semi-closed sets of X containing a fuzzy set 
ps is called fuzzy minimal regular semi-closure of 4 and is denoted by FM;RSClI(p) %. e., 
FM;,RSCl(p) = inflyg: yg > uw and yg © FM,RSC(X) ; k © A, an index set. } 


(3) A fuzzy set a is called fuzzy maximal regular neighborhood (shortly, FM, R-nbd) of a fuzzy 
point x, in X if there exists a B € FM,RO(X) such that x, € B<a. 


(4) A fuzzy set a is called fuzzy maximal regular semi-neighborhood (shortly, FM,RS-nbd) 
of a fuzzy point x» in X if there exists a B © FM,RSO(X) such that tp € B<a. 


(5) A fuzzy set a is called fuzzy maximal regular-quasi-neighborhood (shortly, FM,RQ-nbd) 
of a fuzzy point x» in X if there exists a B © FM,RO(X) such that tpqB <a. 


(6) A fuzzy set a is called fuzzy maximal regular semi quasi-neighborhood (shortly, FM,RSQ- 
nbd) of a fuzzy point x, in X if there exists a B © FM,RSO(X) such that xpqB < a. 


(7) A fuzzy point zp is said to be fuzzy maximal regular limit (or cluster) point of a fuzzy set 
rE I* of a fuzzy space X if for every FM,R-open nbd u of Xp, (— Lp) AX # Ox. 


(8) A fuzzy point x, is said to be fuzzy maximal regular semi-limit (or cluster) point of a fuzzy 
set \ € I* of a fuzzy space X if for every FM,R-semi open nbd 1 of Xp, (u—p) AA # Ox. 
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Theorem 2.2. 


(1) For a fuzzy set \ € I*, a fuzzy singleton x, € FM;RSCIA), iff Aan for each fuzzy 


maximal regular semi-open set 1 of a fts X such that x,qn. 


(2) For a fuzzy set’ € I*, a fuzzy singleton x, € FM;RCI(A) iff every fuzzy maximal regular 
open quasi neighborhood 7 of x,, is quasi-coincident with 2. 


Proof. (1) Let x, € FM;RSC1(A) and let Aqn for each fuzzy maximal regular semi-open set of a 
fts X such that x,qn. Then A < 7° such that A > n°(a). Since 7° is fuzzy minimal regular semi- 
closed set, so FM;RSCUA) < n° <r, for « € X. Hence x, ¢ FM;RSC1(A) which contradicts 
the given hypothesis. Thus Aq7 for each fuzzy maximal regular semi-open set 7 of X such that 
Trq7)- 

Conversely, suppose that Aqn for each fuzzy maximal regular semi-open set of X with x,qn 
and let x, ¢ FM;RSCI(A). Then r > FM;RSCIU(A) > 1-1 < FM,RSInt(1x — ») = V (say) 
=>r+V>1 with V < A° => 2,qV such that AqV for fuzzy maximal regular semi-open set 7 
of X which is a contradiction to the given hypothesis. Hence x, € FM;RSCI(A). 

(2) Similar to the proof of (1). 


Theorem 2.3. If 1 is a fuzzy maximal regular semi-open set of X and Ay < »< Cl(A;), 


then X is a fuzzy maximal regular semi-open set of X. 


Proof. Since A; is fuzzy maximal regular semi-open set in X, so there exists a fuzzy maximal 
regular open set U such that U < Ay < Cl(U). Then U < Ay < X < Cl(A1) < Cl(U). Hence 
U<2X< ClU). Thus d is a fuzzy maximal regular semi-open set of X. 


Theorem 2.4. If 3) is fuzzy minimal regular semi-closed sets in X and Int(G,) < B < fi, 


then 2 is also fuzzy minimal regular semi-closed in X. 


Proof. Let (3, be a fuzzy minimal regular semi-closed set of X. Then there exists a minimal 
regular closed set H in X such that Int(H) < 6, < H. Hence Int(H) < Int(6,) < 6B < 6, < H. 
This implies that Int(H) < @ < H. Hence, @ is a fuzzy minimal regular semi-closed set of 
Xx. 


Theorem 2.5. A fuzzy set \ € I* is fuzzy maximal regular semi-open set in X iff 
Cl(A) = ClLFM,RInt())). 


Proof. Let be fuzzy maximal regular semi-open set in X. So by definition of fuzzy maximal 
regular semi-open set \ < Cl(F.M,RInt(A)). Taking closure on both sides, we have, 


Cl(\) < ClUFM,.RInt())) (2) 
Also, we have, FM,RInt(A)) < 
=> Cl(FM,RInt(d)) < Cl). (3) 


Hence from (2) and (3), we have Cl(\) = Cl(FM,RInt(A)). 
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Conversely, let us suppose that 
Cl(A) = Cl(FM,RInt())) (4) 


Now, we have FM, RInt(\) < A < Cl(A) > FM, RInt(A) < \ < Cl(FM,RInt(A)) [using (3) 
=> FM,R-open set < \ < Cl(F'M,R-open set) = A is fuzzy maximal regular semi-open set in 
Xx. 


Theorem 2.6. A fuzzy subset G of X is fuzzy minimal regular semi-closed iff there exists 
a fuzzy minimal regular closed set 3; in X such that IntB, < B< p,. 


Proof. Suppose, @ is a fuzzy minimal regular semi-closed set in X. By definition, G° is fuzzy 
maximal regular semi-open set in X. Therefore, there exists a fuzzy maximal regular open set 
A such that A < B° < Cl(A), which implies 


Ini(X°) = (CI) < BS. 


Take 3; = A°, so that @) is a minimal regular closed set, such that Int@, < 6 < fy. 

Conversely, suppose that there exists a fuzzy minimal regular closed set (; in X such that 
IntB, < B < Br => BE < BS < (IntB1)* = Cl(Gf). Therefore, there exists a maximal regular 
open set A = GF such that A, < 6° < Cl()). 


=> 6° is a fuzzy maximal regular semi-open set in X and hence @ is fuzzy minimal regular 


semi-closed set in X. 


Lemma 2.1. For any fuzzy set \ € I* of a fuzzy space (X,7), 
(1) 1x — FM,RSInt(\) = FM;RSCI(1x — 2). 


(2) 1x — FM;RSCI(A) = FM,RSInt(1x — 2). 


Proof. The proofs are easy and follow from Definition 2.5. 


The following theorem can be easily verified. 
Theorem 2.7. For any fuzzy set , 1 € I* of a fts (X,7), the following properties hold: 


(1) ys is fuzzy maximal regular semi-open in X iff w= FM,RSInt(). 

(2) is fuzzy minimal regular semi-closed in X iff 1 = FM;RSCI(). 

(3) \< => FM;RSCUA) < FM;RSCU) and FM,RSInt(\) < FM,RSInt(). 
(4) FM,RSCUFM,RSCl(p)) = FM,;RSCl(p). 

(5) FRSCUp) > FM;RSCUp). 

(6) FRSInt(p) < FM,RSInt() 

(7) FM,RSInt(A) € FM,RSO(X) 


(8) FM;RSCI(A) € FM;RSC(X). 
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(9) pis fuzzy minimal regular semi-closed in X iff w= FM;RSCI(p). 


Theorem 2.8. If a fts (X,7) is product related to an another fts (Y,0) and » € 
FM,RO(X), 1 € FM,RO(Y). Then \x  € FM,RO(X x Y). 


Proof. Obvious. 


Theorem 2.9. If a fts (X,7) is product related to an another fts (Y,o) and » € 
FM,RSO(X), 1 € FM,RSO(Y). Then x pp € FM,RSO(X x Y). 


Proof. Since, X € FM,RSO(X), w» € FM,RSO(Y). So, there exists y € FM,RO(X) and 
n € FM,RO(Y) such that y < A < Cl(y) and 7 < uw < Cl(7) which implies that 


YX n<Ax p< Cl(y) x Cl(n). (5) 


Since (X,7) is product related to (Y,a). So, by Lemma 1.1.[1], we must have, Cl(y) x Cl(7) = 
Cl(y x 7) and then (5) > yx 7 < Ax uw < Cl(y x y). Since by Theorem 2.8, 7 x 7 is fuzzy 
maximal regular open set in the product space (X x Y,7t x a). Hence A x y is fuzzy maximal 
regular semi-open set in the product fts (X x Y,r x a) ie, Ax we FM,RSO(X x Y). 


§3. Fuzzy maximal regular continuous (resp. fuzzy maxi- 
mal regular semi-continuous) and fuzzy maximal regular 
irresolute (resp. fuzzy maximal regular semi-irresolute) 


functions 


In this section, we introduce some new notions of fuzzy mappings viz., fuzzy maximal reg- 
ular continuous, fuzzy maximal regular semi-continuous, fuzzy maximal regular irresolute and 
fuzzy maximal regular semi-irresolute functions. We also establish some of their characteriza- 
tion theorems and show some interrelationship among these new class of functions. 

Definition 3.1. A mapping f : (X,7T) — (Y,¢c) is said to be fuzzy maximal regular 
continuous (shortly, FM,R-cont.) iff for each X€ FO(Y), f~'(A) € FM,RO(X). 

Example 3.1. Let X = Y = {a,b} andr = {0x,A1,A2, Lx}, o = {Ox,A1, 1x} where Ax 
and 2 are defined as 

Ai(a) = 3, A1(b) = F; 

do(a) = §, Ao(b) = 3 
Then (X,7) and (Y,c) forms a fts. FRO(X) = {A1,A2}. Consider the function f : (X,T) > 
(Y,o) defined by f(x) = x, Vx € X. Here 1 is the only non-empty proper fuzzy open set in Y 


and also Ay is fuzzy maximal regular open set in Y such that 
f7*(A1(2)) = Ar(f(2)) = Ar(a) € FM. RO(X). 


Thus f is fuzzy maximal regular continuous function on X. 


Theorem 3.1. For a mapping f : (X,T) — (Y,¢) the following statements are equivalent: 


(1) f is FM,R-continuous function. 
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(2) for every fuzzy point x, of X and for every fuzzy neighborhood n of f(x,) in (Y,o), there 
exists a fuzzy maximal regular open neighborhood y of x, in (X,T) such that f(y) <n. 


(3) f-1(8) € FM;RC(X), V8 € FC(Y). 


Proof. We need to prove the following implications: (1) = (2), (2) = (8) and (3) = (4). 

(1) => (2): Let f be FM, R-continuous function and let x, € X and 7 be any fuzzy 
neighborhood of f(#,) in Y. Then there exists a u € o such that f(z,) < uw <n > a € 
f-l(u) < fol(m). As f is FM,R-continuous and p € o. So, f~'(u) € FM,RO(X) so that 
7 = f~+(n) is a fuzzy maximal regular neighborhood of x, in X such that f(y) =7 < 7. 

(2) = (3): Let (2) is true for the function f and let 3 be a closed set in Y and x, € f~+((°) 
=> f(ax,) € BS. Since B° is open neighborhood of f(x,-), so, by hypothesis, there exists a fuzzy 
maximal regular neighborhood V of z, in X such that f(V) < 8° so that V < f~+(@°). Since, 
V is fuzzy maximal regular neighborhood of a,, there exists a fuzzy maximal regular open set 6 
such that #, €5-< f-(6°) > Var} < VE5} < VFA} > FB) < VES} < VIB) 
=> (f—1(6))* = V{6} = 6 or 1x € FM, RO(X) => f-1(8) € FM;RC(X). 

(3) = (4): Let (3) is true and \ € FO(Y). Then f~1(A) = (f71(A°)°) = (f71(A°))°. Since, 
A° € FC(Y), by hypothesis, we have, f~!(A°) € FM;RC(X) and hence (f~1(A°))*° = f71(A) € 
FM,RO(X) showing that f is FM, R-continuous function on X. 


Theorem 3.2. For FM, R-continuous mapping f from a fts (X,7) into another fts (Y,c) 
the following statements hold: 


(1) f(FM,RInt(d)) > Intf(), for every fuzzy set ps in X. 
(2) FM,RInt(f-+(d)) => fot(Unt(A)), for every fuzzy set \€ Y and for onto map f. 
(3) f(FM,RCI(p)) < Clf(u), for every fuzzy set pin X. 

(4) FM;RCUf-1(A)) < f-1(Cl(A)), for every fuzzy set X in Y and for onto map f. 


Proof. (1) Since, Int(f()) is fuzzy open set in Y and f is FM,R-continuous, f~(Intf(j)) € 
FM,RO(X). As we know that f(u) > Intf(u) > pw > f-'Untf(u)) > FM.RInt(u) > 
fo '(Untf()) so that f(FM.RInt(p)) > Intf(p). 

(2) Since, f~1(A) is a fuzzy set in X, so for w= f~+(A) (1) must hold, ie., 


f(FMaRInt(f*(A))) = Int(f(f7"(A))) = Int), 


as f is onto mapping. Hence, FM,RInt(f~'(A)) > f~'(Int(A)). 

(3) Since, Cl(f()) is fuzzy closed set in Y and f is FM,R-continuous, f~1(Cl(f(m)) € 
FM,RC(X). Now, f(u) < Cl(f(u)) > uw < f-*(CUF(n))) 

= FM,RCI(u) < f~*(CU(f(n))). Thus f(FM;RCI(u)) < Cl[f(y)].- 

(4) Since, f~1(A) € IX, VA € IY, so for p = f71(A) we have from (3) f(F.M;RCI(f—!(A))) > 
Cl(f(f-l(A))) = Cl(A). [Being f an onto map.] 
Hence, FM, RInt(f—~+(A)) > f~1[Cl(A)]. 
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Definition 3.2. A function f : (X,rT) — (Y,o) is said to be fuzzy maximal regular 
irresolute (shortly, FM,R-irresolute) iff for each \€ FM,RO(Y), f~l(A) € FM,RO(X). 

Example 3.2. Consider the function f : (X,7T) — (X,c) defined by f(x) = x, Va € X, 
where (X,7T) defined in Example 2.3 and (X,c) is defined as o = {0x,A3,1x}. Here, A3 is the 
only non empty proper fuzzy maximal regular open set in Y such that f—*(A3(x)) = A3(f(a)) = 
A3(z) € FM, RO(X). Thus f is fuzzy maximal regular irresolute function on X. 

Definition 3.3. A function f : (X,T) — (Y,a) is said to be fuzzy maximal regular 
semi-irresolute iff for each X€ FM,RSO(Y), f~'(A) € FM,RSO(X). 

Example 3.3. Consider the function f : (X,T) — (X,o) defined by f(x) = a, Va € X, 
where (X,7) and (X,o) are defined as X = Y = {a,b,c} and tT = {0x,A1,A2, 1x}, o = 
{0x,A2, 1x} where 

Ai (a) = 0.3, A1(b) = 0.4,, Ar(c) = 0.5; 
A2(a) = 0.6, A2(b) = 0.5,; A2(c) = 0.5; 
Here X2 is the only non-empty proper fuzzy maximal regular semi open set in Y such that 


f-*(Ao(@)) = A2(F(a)) = A(x) € FMaRSO(X). 
Thus f is fuzzy maximal regular semi-irresolute function on X. 
Theorem 3.3. If f : (X,71) — (Y,7) be FM,R-continuous function and g : (Y,T2) > 
(Z,73) be fuzzy continuous function. Then go f : (X,71) — (Z,73) is also FM, R-continuous 


function. 


Proof. Let \ € FO(Z). Now (go f)~1(A) = (foto g™)() = (f-4(g-t(\))). Since g is fuzzy 
continuous, g~+(A) is fuzzy open and then (go f)~ si = (f~1( fuzzy open in Y)). But f being 
FM,R-continuous, (go f)~'(A) € FM,RO(X). This shows that go f is FM,R-continuous 
function. 


Theorem 3.4. If f : (X,m1) — (Y,72) be FM, R-irresolute function and g : (Y,T2) > 
(Z,73) be FM,R-continuous function. Then go f : (X,71) > (Z,73) is also FM, R-continuous 


function. 


Proof. Let 1 € FO(Z). Now (go f)~1(A) = (f710g7!)(A) = (f-1(g7-1(\))). Since g is FM, R- 
continuous, g~1(\) is FM, R-open and then (go f)~!(A) = (f- (FM, R-open set in Y)). But f 
being FM, R-irresolute, (go f)~1(A) € FM,RO(X). This shows that go f is FM, R-continuous 


function. 


Theorem 3.5. Composition of two FM,R-irresolute function is again a F M,-irresolute 


function. 


Proof. Straight forward. 


Definition 3.4. A mapping f : (X,T) > (Y,¢) is said to be fuzzy maximal regular semi- 
continuous (shortly, FM,RS-continuous ) iff for each \ € FO(Y), f-1(A) € FM, RSO(X). 

Example 3.4. Let f : (X,7) — (X,o) be a function defined by f(x) = x, Vx € X, where 
(X,7) and (Y,c) are defined in Example 3.3. Since for 2 € 0, 


f7'(Ae(a)) = A2(f(z)) = Ao(x) € FM,RSO(X), 
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Thus f is fuzzy maximal regular semi continuous function on X. 
Theorem 3.6. Let X;, Yi, (¢ = 1,2) be fts such that X, is product related to Xo 
and fi: (Xi, 7;) > (Yi,o%) (¢ = 1,2) fuzzy maximal regular semi-continuous function. Then 


fix fo: Xx X2 — YX Y2 is also fuzzy maximal regular semi-continuous function on X1 x X92. 


Proof. Let X € FO(Y1), w € FO(Y2). Then A x wp € FO(Y, x Y2). Using Lemma 1.2 [1], we 
have (fi x fz) “(Ax pw) = f(A) x fo '(u). Since, f is fuzzy maximal regular semi-continuous 
function on X;. So, f; '(A) is fuzzy maximal regular semi-open set on X;. Again, since Xj is 
product related to X»2. So, 


(fi x fa) “(AX w) = fr 'Q) x fy '(u) © FM RSO(X) 


and hence f; x fz is fuzzy maximal regular semi-continuous function on X, x X92. 


Theorem 3.7. Let Xj, Yi, (¢ = 1,2,...,n) be fts such that X; is product related to 
X; (i # J) and fi: (Xi,%) — (Vi, ox) (@ = 1,2,...,n) fuzzy maximal regular semi-continuous 


n 
function. Then |] fi: Xi Y; is also fuzzy maximal regular semi-continuous function 
i=1 i=1 i=1 


n 
on || Xj. 
i=l 


Proof. Obvious. 


Theorem 3.8. Let f : X — Y be a function defined by f(x) = y, Vx € X and 
g:X +X xY a graph of the map f defined by g(x) = (a, f(x)), Va € X. If g is fuzzy maximal 


regular semi-continuous, then so is f. 


Proof. Let u € FO(Y). Then for 1x € FO(X), 1x x wis a fuzzy open set in X x Y. Since g is 
a graph of the map f, So g(x) = (x,y) = (a, f(x)), Va € X. Now Va € X we have, 


g(x xp)(z) = (Ix xu 


x), w(F(x))} 

x(x) A f~"(H)(2) 
(1x A f~*(u))(2) 

= f-"(u)(2). 


Since g is fuzzy maximal regular semi-continuous, so g~1(1x x uw) = f~1(u) € FM,RSO(X), 


Vu € FO(Y). Hence f is fuzzy maximal regular semi-continuous function on X. 


Theorem 3.9. 


(1) Every fuzzy maximal regular continuous function is fuzzy maximal regular semi-continuous 
function. But the converse may not be true which can be seen from the following example. 
Consider the function f : (X,T) — (Y,a) defined by f(a) = x, Vx € X, where (X,T) 
defined in Example 2.2 and (Y,c) is defined as Y = {a,b,c}, o = {Oy,6,ly}, where 
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d(a) = 0.8, 6(b) = 0.4, 6(c) = 0.6. Here, 6 is the only non empty proper fuzzy open set in 
Y. Since, 


f-*(6(x)) = 6(F(x)) = 8(a) 
which is a FM,RSO set in X but not FM,R-Open set in X. Thus f is fuzzy maximal 


regular semi-continuous but not fuzzy maximal regular continuous function on X. 


(2) Every fuzzy maximal regular-irresolute function is fuzzy maximal regular semi-irresolute 


function. 


Proof. (1) Proof follows from Corollary 2.1 [1], i.e., from the fact that “every fuzzy maximal 
regular open set is fuzzy maximal regular semi-open set in a fts (X,T)”. 
(2) Obvious. 


Definition 3.5. 


(1) A collection M is said to be fuzzy maximal regular open cover (shortly, FM, R-open cover) 
of a fuzzy set uw € IX iff M covers ys and each member of M is fuzzy maximal regular 
open set in X t.e., uw < sup{ta € FM,RO(X): ba € M,Vae€ A}. 


(2) A collection M is said to be fuzzy maximal regular semi-open cover (shortly, FM,RS- 
open cover) of a fuzzy set  € I* iff M covers and each member of M is fuzzy maximal 
regular semi-open in X. t.e., 6 < sup{la € FM,RSO(X) : fa € M,Va€ A}. 


Definition 3.6. 


(1) A fuzzy set X € I* of a fts (X,7) is said to be fuzzy maximal regular compact (shortly, 
FM,R-compact) iff each FM,R-open cover M of X has a finite subcover Mg which also 
covers 2. 


(2) A fuzzy set X € I* of a fts (X,7) is said to be fuzzy maximal regular semi-compact 
(shortly, FM,R-compact) iff each FM, R-semi-open cover M of X has a finite subcover 
Mo which also covers X. 


Theorem 3.10. 
(1) Fuzzy maximal regular continuous image of a FM,R-compact set is fuzzy compact. 
(2) Fuzzy maximal regular semi-continuous image of a FM,RS-compact set is fuzzy compact. 


Proof. (1) Let f : X — Y be fuzzy maximal regular continuous and 6 € I*, a FM,R- 
compact set of a fts X and P = {ft, : a € A} be a fuzzy open cover of f(3) such that 
{(B) < SupP > 6 < f7(f(B) < fSupltie 1 a € AY) = Sup{ f(a) a € A}. Then 
Q = {f-'(ua) : aw € A} is a fuzzy cover of 3. Since f is fuzzy maximal regular continuous 
function, f~'(.) € FM,RO(X), Va € A, an arbitrary index set and then Q is FM, R-open 
cover of 3. Since 3 is FM,R-compact, there exixts a finite sub-cover Q = {f~'(fa) : @ = 
1,2,3,...,n} of Q such that 6 < Sup{f-l(ua) : a = 1,2,...,n}. Since each f~!(1q) is distinct, 
FM,R-open set in X. So, by Theorem 2.7 [6], Sup{f—'(ua) : a = 1,2,...,n} = 1x so that 
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a<lx = f(a) < f(x) =1y. This shows that P = {ly} is the existing finite subcover of a. 
Hence, f(@) is compact set in Y. 
(2) Same as the proof of (1). 


Theorem 3.11. 


(1) If f: X —Y is fuzzy maximal regular irresolute function and \ € I*, a FM, R-compact 
set of X, then f(A) is FM,R-compact set in Y. 


(2) If f : X + Y is fuzzy maximal regular semi-irresolute function and \ € IX, a FM,R- 
semi-compact set of X, then f(A) is FM,R-compact set in Y. 


Proof. (1) Let \ be a FM, R-compact set of X and Q = {ua :a€ A} be a FM, R-open cover 
of f(A) such that f(A) < SupQ. Then, P = {f-+(ua) : a € A} is a cover of 2. Since f is 
fuzzy maximal regular irresolute function, each f~!(.) € FM,RO(X), Va € A = arbitrary 
index set and then P is FM, R-open cover of 4. Since, \ is FM, R-compact, there exists a finite 
subcover Py = {f—1(tta) : a = 1,2,3,...,n} of P such that 


A < Sup{f7"(ua) sa = 1,2,3,...,n}. 


Since, each f~1(1q) is distinct FM,R-open set in X. So, by Theorem 2.7 [6], Sup{f~*(a) : 

a = 1,2,3,...,n} =1x so that a< lx => f(a) < f(x) = ly. This shows that Qo = {ly} is 

existing finite FM, R-open subcover of Q. Hence, f(A) is FM, R-compact set in Y. 
(2) Same as the proof of (1). 


Definition 3.7. 


(1) Two non-empty fuzzy sets X and us of a fuzzy space (X,T) are said to be fuzzy maximal 
regular separated (in short, FM,R-separated ) if FM,RCI(A)qu and FM, RCI(u)qQ. 


(2) Two non-empty fuzzy sets \ and yw of a fuzzy space (X,T) are said to be fuzzy maximal regu- 
lar semi separated (in short, FM,RS-separated ) if FM,RSCl1(A)qu and FM,RSClI(p)q. 


(3) A fuzzy subset 2 is said to be fuzzy maximal regular connected (shortly, F M,R-connected) 
iff 8 cannot be expressed as the union of two F.M,R-separated sets X and us of X. 


(4) A fts X is said to be fuzzy maximal regular connected (shortly, FM,R-connected) iff X 
cannot be expressed as the union of two non-empty disjoint FM,R-open sets and u i.e 
XAXV p, where ,u€ FM,RO(X). 


(5) A fuzzy subset B is said to be fuzzy maximal regular semi connected (shortly, FM,RS- 


connected) iff 8 cannot be expressed as the union of two FM,R-semi separated sets and 
Le of X. 


(6) A fts X is said to be fuzzy maximal regular semi connected (shortly, F M, R-semi-connected) 
iff X cannot be expressed as the union of two non-empty disjoint FM, R-semi-open sets 
A and pi.eX AXV pw, where A, € FM,RS-O(X). 
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Example 3.5 By easy computations, in Example 2.8, it follows that FM,RCI(A3)qr2 
and FM,RClI(A2)q\3. Thus A2 and »3 are not fuzzy maximal regular separated. (i.e.) FM,R- 
separated. Also 3 4 A» V A3 => B is FM,R-connected. In a similar manner, 2 and A3 are not 
fuzzy maximal regular semi separated. (t.e.) FM,RS-separated. 

Theorem 3.12. A fuzzy subset \ € I* of a fts (X,7) is FM,R-connected (resp. F M,R- 
semi-connected) iff X cannot be expressed as the union of two non-empty disjoint FM, R-closed 
sets (FM, R-semi-closed sets.) 


Proof. Follows from Definition 3.7. 


Theorem 3.13. 


(1) If f: X + Y is FM,R-continuous surjection map and X is FM,R-connected, then Y is 
fuzzy connected. 


(2) Iff:X > Y is FM,R-semi-continuous surjection map and X is FM, R-semi-connected, 


then Y is fuzzy connected. 


Proof. (1) Suppose that f(X) = Y is not fuzzy connected space. Then, there exists non-empty 
fuzzy open sets X and y such that f(X) = AV uw => Both X and yp are fuzzy clopen sets in Y. 
Then X = f~!(A) V f-*(u). Since f is FM,R-continuous and \ and pz are non-empty disjoint 
fuzzy closed sets, f~1(A) and f~1(y) are also non-empty disjoint and € FM,RC(X). This 
shows that X is not FM,R-connected which is a contradiction to the given hypothesis. Hence 
Y is fuzzy connected. 

(2) Same as the proof of (1). 


Theorem 3.14. 


(1) If f: X — Y is FM,R-irresolute surjection map and X is FM,R-connected, then Y is 
FM,R-connected. 


(2) If f: X 3 Y is FM,R-semi-irresolute surjection map and X is FM, R-semi-connected, 
then Y is FM, R-semi-connected. 


Proof. (1) Suppose that f(X) = Y is not F.M,R-connected space. Then, there exists non- 
empty fuzzy open sets \ and yw such that f(X) = AV u => Both \ and pw are FM, R-open as well 
as F.M;R-closed sets in Y. Then X = f~!(A) V f~!(y). Since A and pu are non-empty disjoint 
F'M;R-closed sets and f is FM,R-irresolute surjection, f~'(A) and f~1(j) are also non-empty 
disjoint and € FM;R-C(X) such that X = f~1(A) V f~!(u). This shows from Theorem 3.12 
that X is not F'M,R-connected which is a contradiction to the given hypothesis that X is 
FM,R-connected. Hence,Y is FM, R-connected. 
(2) Similar to the proof of (1). 


Conclusion: In this paper, we have introduced fuzzy maximal regular semi-open sets, 


fuzzy minimal regular semi-closed sets, fuzzy maximal regular semi-continuous, fuzzy maximal 
regular semi-irresolute functions and fuzzy maximal regular semi-connectedness in fts’s. Also, 


we have studied some basic properties and characterization theorems. Finally, we have given 
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some counter examples to show that these types of sets and mappings are not equivalent. These 
results will help to extend some generalized closed sets, mappings, compactness and hence it 
will help to improve fuzzy bitopological and smooth topological spaces. 
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§1. Introduction and preliminaries 


After the introduction of fuzzy sets by Zadeh [11], there have been a number of gener- 
alizations of this fundamental concept. The notion of intuitionistic fuzzy sets introduced by 
Atanassov [1] is one among them. Using the notion of intuitionistic fuzzy sets, Coker [4] in- 
troduced the notion of fuzzy topological spaces. In [10] Vadivel, introduced the notions of 
intuitionistic fuzzy e-open sets and intuitionistic fuzzy e-continuity. In this paper, we introduce 
and study the concept of intuitionistic fuzzy e-compactness. Several preservation properties 
and some characterizations concerning intuitionistic fuzzy e-compactness have been obtained. 

Before entering in to our work, we recall the following notations, definitions and results of 
intuitionistic fuzzy sets as given by Atanassov [2]. Coker [4] and Seenivasan [9]. Throughout 
this paper, (X,7), (Y,o), and (Z,7) (or simply X, Y and Z ) are always means an intuitionistic 
fuzzy topological spaces on which no separation axioms are assumed unless otherwise mentioned. 

First we shall present the fundamental definitions and results which will be used in the 
sequel. 

Definition 1.1. /2/ Let X be a nonempty fixed set. An intuitionistic fuzzy set (IFS, for 
short) A is an object having the form A = {(x,ua(x),va(a)) : « © X} where the functions 
pa: X > I andva : X — I denote the degree of membership (namely wa(x)) and the 
degree of nonmembership (namely v4(x)) of each element x € X to the set A, respectively, and 
0< pa(r)+va(x) <1 for eacha Ee X. 
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Obviously, every fuzzy set A on a nonempty set X is an IFS having the form A = 
{(a, wa(@),1—va(a)): a © X}. 

Definition 1.2. /2/ Let X be a nonempty set and the IFS’s A and B be in the form 
A= {(x,pa(x),va(z)): cE X}, B= {(x, up(x),up(x)) : a © X} and let A={A;: 7 € J} be 
an arbitrary family of IFS’s in X, then 


(i) AS B iffVa € X[wa(x) < va(a) and va(x) 2 ya(2)); 
(i) A={(a,va(x), wa(a)) 2 @ © X}; 
(iii) NA; = {(2, Apa, (x), Vva,(x)) : 2 © X}; 
(iv) VA; = {(x, Via, (2), Ava, (x)) : 2 € X}; 


(vi) L = {(x,1,0): a2 € X} andQ = {(x,0,1): a € X}; 
(vii) A= A,D=1 andI=0. 
Definition 1.3. [4] Let X and Y be two nonempty sets and f : X > Y be a function. 


(i) If B = {(y, u(y), ve(y)) : y © X} is an IFS in Y, then the preimage of B under f 
denoted and defined by f~'(B) = {(f7~*(us)(«), f-'(vp)(a)) : « € X}; 


(ii) If A= {(x, a(x), va(x)) : & € X} is an IFS in X, then the image of A under f denoted 
and defined by f(A) = {(y, FAa)(y), Lay): y © Y)} where f_(va) = 1— f(l— va). 


Definition 1.4. /5] Let A = (x, 4,v,4) and B = (x, p,VpB) be two IFS’s in X. Then, A 
and B are said to be quasi-coincident, denoted by AqB, iff there exists an element x © X such 
that wa(x) > vp(a) or v4(x) < up (a). The negation of AqB will be denoted by AGB. 

Definition 1.5. [4] An intuitionistic fuzzy topology (IFT, for short) on a non-empty set 
X is a family VU of IFS’s in X satisfying the following axioms. 


@ALEY, 
(ti) Ay A Ag € W for every Ay, Ao € U, 
(iti) VA; € © for every {A;:j € J} CV. 


In this case the pair (X, W) is called an intuitionistic fuzzy topological space (IFTS, for 
short) and each IFS in W is known as an intuitionistic fuzzy open set (IFOS, for short) in X. 

Definition 1.6. [4] The complement A of IFOS A in IFTS(X, WV) is called an intuitionistic 
fuzzy closed set (IFCS, for short). 

Definition 1.7. /4/ Let (X,W) be an IFTS and A = (ax, a(x), va(ax)) be an IFS in X. 
Then the fuzzy interior and fuzzy closure of A are denoted and defined by cl(A) = A{K : K is 
an IFCS in X and A < K} and int(A) = V{G: G is an IFOS in X and G < A}. 

Definition 1.8. /10] Let A be an IFS in an IFTS(X,W). A is called 


(i) an intuitionistic fuzzy e-open set (IFeOS, for short) in X if A < clints(A) V intcls(A), 
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(ti) an intuitionistic fuzzy e-closed set (IFeCS, for short) in X if A > clints(A) A intcls(A). 


Definition 1.9. /10] Let (X,WV) be an IFTS and A= (x, j14,v,) be an IFS in X. Then 
the intuitionistic fuzzy e-closure and intuitionistic fuzzy e-interior are defined and denoted by 
cl.(A) = A{K : K is an IFeCS in X and A < K} and int.(A) = V{G: G is an IFeOS in X 
and G < A}. It is clear that A is an IFeCS (IFeOS) in X iff A = cl-(A)(A = int,(A)). 

Definition 1.10. Let f be a mapping from an IFTS X into an IFTS Y. The mapping 
f ts called 


(i) an intuitionistic fuzzy e-continuity [10] if f1(B) is an IFGOS in X for each IFOS B in 
Y. 


(ii) an intuitionistic fuzzy e-irresolute [10] if f‘(B) is an IFGOS in X for each IFOS B in 
Y. 
§2. Intuitionistic fuzzy e-compact spaces 


Definition 2.1. Let X be an IFTS. A family {(x,uG,,Va,;) |i € I} of IFOS’s in X 
i€I}=1 is called an intuitionistic fuzzy open cover of 


satisfies the condition U{ (x, ua;,Vc;) 
Xx. 
A finite subfamily of an intuitionistic fuzzy open cover {(x, G;,YG;) 


i € I} which is also 
ie I}. 
An IFTS X is called intuitionistic fuzzy compact if and only if every intuitionistic fuzzy 


an intuitionistic fuzzy open cover of X is called a finite subcover of {(x, we;,VG;) 


open cover has a finite subcover. 
Definition 2.2. Let A be an IFS in an IFTS X. A family {(x, wa,;,VG;) 
in X satisfies the condition A C U{(2, ua;,V¥aG;) 


cover of A. 


i € I} of IFOS’s 


i € I} is called an intuitionistic fuzzy open 


i € I} of A which is 
ie I}. 
An IFTS A = (2, 4,va) in an IFTS X is called intuitionistic fuzzy compact if and only 


A finite subfamily of an intuitionistic fuzzy open cover {(x, WG,;;YG;) 


also an intuitionistic fuzzy open cover of A is called a finite subcover of {(x, we, ,VG;) 


if every intuitionistic fuzzy open cover of A have a finite subcover. 
Definition 2.3. Let X be an IFTS. A family {(x,WaG,,VG,) |i € I} of IFeOS’s in X 


i€ I} =A is called an intuitionistic fuzzy e-open cover 


satisfies the condition ){(x, uG,,Va;) 
of X. 
A finite subfamily of an intuitionistic fuzzy e-open cover {(x, UG,;,VG;) 


i € I} which is also 
an intuitionistic fuzzy e-open cover of X is called a finite subcover of {(x, ue,,VG,) |t € T}. 
Definition 2.4. Let X be an IFTS. A family {(x, uc,,VaG,) |i € I} of IFeCS’s in X has 
the finite intersection property if every finite sub-family {(x, uc,,Va,) \t = 1,2,...,n} satisfies 
the condition (\y_,{(@, uG;,VaG;) |i € I} #0. 
Definition 2.5. An IFTS X is called intuitionistic fuzzy e-compact if and only if every 


intuitionistic fuzzy e-open cover has a finite subcover. 

Theorem 2.1. An IFTS X is intuitionistic fuzzy e-compact if and only if every family 
{(z, UGi> VG;) 
section. 


i € I} of IFSPCS’s with the finite intersection property has a nonempty inter- 
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Proof. Suppose X is intuitionistic fuzzy e-compact and {(x,uc,,VG,) |i € I} is any family 
of IFSPCS’s in X such that (){(2,ue;,veG,) |i € I} = 0. Therefore (\{(ue,) |i € I} = 0 
and Uf(ve,) i € Ty = 1. Then Uf(e,ua,ve,) li € I} = 1, 50 {(2,u0,,%6,) |i € TP isa 
intuitionistic fuzzy e-open cover of X. Since X is intuitionistic fuzzy e-compact there is a finite 
subcover {(z, Mc,,VG,) |i = 1,2,...,n}. Then Up_,{(z, uc,,Va,;) | = 1}. Hence V{(ve,()) |i = 
1,2,...,.n} =1 and A{(ue,(z)) |i = 1,2,...,.n} =O. Finally )p_1{(2, uc;,vG;) | = 0}. We have 
proved that if X is intuitionistic fuzzy e-compact space, then given any family {(2, uc,,VaG,) |t € 
I} of IFSPCS’s whose intersection is empty, the intersection of some finite subfamily is empty. 


Conversely, let X has the finite intersection property. It means that if the intersection of 
any family of IFSPCS’s is empty, the intersection of each finite subfamily is empty. Suppose 
{(x, uc,,V¥aG,;) \¢ € I} is any intuitionistic fuzzy e-open cover of X. Then U{(2, ue;,VG;) |t € 
I} = 1. Therefore, 


\Vilue.(a)) i € = 1 and A\f(ve,(a)) |i € T= 2. 


Hence (}{ (x, we,;,Va,;) |i € I} =0, 80 {(x, wa,;,Va;) |i € T} is a family of IFSPCS’s whose inter- 
section is empty. According to the assumption, we can find finite subfamily {(x, uc,,VcG,) 
1,2,..., n} such that ay (x, Ha,;,Y¥aG,) = 0}; sO {(x, Ua;;Va;) 
cover of {(x, uG;,;VG;) |t € I}. Therefore, X is intuitionistic fuzzy e-compact. 


= 


i = 1,2,...,n} is a finite sub- 


Theorem 2.2. Let f : X — Y be an intuitionistic fuzzy e-irresolute mapping from an 
IFTS X onto IFTS Y. If X is intuitionistic fuzzy e-compact, then Y is intuttionistic fuzzy 


e-compact, as well. 


Proof. Let {(y, ua,;V¥a;) |t € I} be any intuitionistic fuzzy e-open cover of Y. Then 


Ly, ue,,va,) ie Tf =A. 


i € I}) =2 follows that Uf{(y, ue;,va;) |i € I} =1, so 
i € TI} is a intuitionistic fuzzy e-open cover of X. Since X is intuitionistic 


From the relation f~'(U{(y, uc;,¥G;) 
{fy LGis vG;) 


fuzzy e-compact, there exists a finite subcover {f~1((x, wa,,VG,))|i = 1,2,...,n}. Therefore 


Lf" (y, Has ¥e;))I6 = 1,2, ove TO} =1. 


Hence FULF- (yy, ber; vq;))|t = 1,2,..., n}) =1, so U{f(f-*((y, Hai vq;)))\t =1,2,..., n} = 
L. From U{((y, ua;; ¥a;))|t = 1,2,...,.n} = 1 follows that Y is intuitionistic fuzzy e-compact. 


Theorem 2.3. Let f : X — Y be an intuitionistic fuzzy e-continuous mapping from an 
IFTS X onto IFTS Y. If X is intuitionistic fuzzy e-compact, then Y is fuzzy compact. 


Proof. It is similar to the proof of the Theorem 2.2. 


Definition 2.6. Let A be an IFS in an IFTS X. A family {(x, uG,,VG;) 
IFeOS’s in X satisfies the condition A C U{(«, wa;,Va;) 


e-open cover of A. 


i € I} of 
i € I} is called intuitionistic fuzzy 
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i € I} of A which is 
also a intuitionistic fuzzy e-open cover of A is called a finite subcover of {(x, wG,,Va,) |i € I}. 
Definition 2.7. An IFS A = (a,ua,va) in an IFTS X is called intuitionistic fuzzy 


e-compact if and only if every intuitionistic fuzzy e-open cover of A has a finite subcover. 


A finite subfamily of a intuitionistic fuzzy e-open cover {(x, wG;,YG;) 


Theorem 2.4. An IFS A= (a, ~a,va) in an IFTS X is intuitionistic fuzzy e-compact if 
i € I} of IFGOS’s with properties wa < V{pUG,|i € I} 
i=1,2,...,n} such 


and only if for each family {(x, ua;,Va;) 
and 1—va < V{1—ve,|t € I} there exists a finite subfamily {(x, ug,,VG;) 
that wa = Via, |t = 1,2,...,n} and 1—v4 = V{1 — v_@,|i = 1,2,..., n}. 


Proof. Suppose A = (a, a,Va) is a intuitionistic fuzzy e-compact set in IFTS X and 


{(, HG, 4G;) |i € I} 


i€ I} andl—-v,g < 
i € I}. Hence A C 
i € I}. According to the assumption there exists finite subfamily 


be any family of IFeCS’s in X satisfies the condition wa < V{pc, 


V{l — ve_,\i € I}. Then 1-—v4 < 1—Af{ve,|i € I}, so va > Af{ve, 
Ut(z, ua. Ya:) 


{(@, MG; VG;) — 1,2; sony TU} 


such that A C U{(2, ua,,ve,) |¢ = 1,2,...,n}. It follows that wa = V{pe,|t = 1,2,...,n} and 
l—v4 = V{1 — ve,|t = 1,2,..., n}. 

Conversely, let A = (2, uc,,VG,;) be any IFS in IFTS X and let {(x, uwe,,vG,) |i € I} be any 
family of IFeCS’s in X satisfies the condition 4 < V{ua,|t € J} and 1—va4 < V{1—ve,|t € J}. 
From 1— v4 < 1—Af{ve,|t € I}, so v4 > A{ve,|t € I} follows that r4 > A{ve,|i € I}, so 


A Cc {(e, wa. ve.) 


i€ I}. 


Hence {(2, uc,,VaG,) |i € I} is a intuitionistic fuzzy e-open cover of IFS A. According to the 
assumption there exists finite subfamily {(x, wc,,VvG;) |i = 1,2,...,n} such that wa = V{pc, 
1,2,..,n} and 1—v4 < V{1—ve,|t = 1,2,...,n}. From wa < V{ue,|t = 1,2,...,n} and 
Va > A{uc, |i = 1,2,...,n} we obtain that A C U{(x, uc,,VvcG,) |¢ = 1,2,...,n}. Therefore, A is 
intuitionistic fuzzy e-compact. 


,= 


Remark2.1. From the definition above it is not difficult to conclude that every intuition- 
istic fuzzy e-compact in an IFTS is fuzzy compact. 

Theorem 2.5. Let f : X — Y be an intuitionistic fuzzy e-irresolute mapping from an 
IFTS X onto IFTS Y. If A is intuitionistic fuzzy e-compact, then f(A) is intuitionistic fuzzy 


e-compact. 


Proof. Let {(y, ua;;Y¥a;) |i € I} be any intuitionistic fuzzy e-open cover of f(A). Then f(A) C 
Uf{(y,ua;,¥G,;) |i € I}. From the relation A C f~*(U{(y, ue;,Vva;) |i € I}) follows that 
A C U{f-"((y, ua;,va,))|i € TD, so {f-*((y, ua,,V¥G,))\i € I} is an intuitionistic fuzzy e- 
open cover of A. Since A is intuitionistic fuzzy e-compact, there exists a finite subcover 
{f*((y, ua;,V¥a;)) |i = 1,2,...,n}. Therefore A C U{f-1((y, wa;, ¥G;)) |i = 1,2, ..., n}. Hence 


f(A) c FUP Cy, Ha. Ye.) |i = 1,2, ...,}) 
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{fF (y, wai, ve.) i = LQ yey 
= L{(y, we:sva;))|é = 1,2, 0} 


so f(A) is intuitionistic fuzzy e-compact. 


Theorem 2.6. Let f : X — Y be an intuitionistic fuzzy e-continuous mapping from an 
IFTS X onto IFTS Y. If A is intuitionistic fuzzy e-compact, then f(A) is fuzzy compact. 

Definition 2.8. An IFTS X is called intuitionistic fuzzy e-Lindelof (fuzzy Lindelof) if 
and only if every intuttionistic fuzzy e-open (fuzzy open) cover of X has a countable subcover. 

Definition 2.9. An IFTS A = (x,ua,va) in an IFTS X is called intuitionistic fuzzy 
e-Lindelof (fuzzy Lindelof) if and only if every intuitionistic fuzzy e-open (fuzzy open) cover of 
X has a countable subcover. 

Definition 2.10. AnJIFTS X is called countable intuitionistic fuzzy e-compact (countably 
fuzzy compact) if and only if every countable intuitionistic fuzzy e-open (fuzzy open) cover of 
X has a finite subcover. 

Definition 2.11. AnJFTS A= (x, ua,va) inanIFTS X is called countable intuitionistic 
fuzzy e-compact (countably fuzzy compact) if and only if every countable intuitionistic fuzzy e- 
open (fuzzy open) cover of A has a finite subcover. 


Remark2.2. From the definitions above we may conclude that 
(i) Every intuitionistic fuzzy e-Lindelof of IFTS is fuzzy Lindelof; 
(ii) Every countably intuitionistic fuzzy e-compact of IFTS is countably fuzzy compact; 
(ti) Every countably intuitionistic fuzzy e-compact of IFTS is intuitionistic fuzzy e-compact. 


Theorem 2.7. If an IFTS X is both intuitionistic fuzzy e-Lindelof and countably intu- 
itionistic fuzzy e-compact, then it is intuitionistic fuzzy e-compact. 

Theorem 2.8. Jf an IFS A in an IFTS X is both intuitionistic fuzzy e-Lindelof and 
fuzzy countably intuitionistic fuzzy e-compact, then A is intuitionistic fuzzy e-compact. 

Theorem 2.9. Let X be an intuitionistic fuzzy e-Lindelof IFTS. Then X is countably 


intuitionistic fuzzy e-compact if and only if X is intuitionistic fuzzy e-compact. 


Proof. In the Remark 2.2, it is mentioned that if X is intuitionistic fuzzy e-compact, then 
i € I} be any 
intuitionistic fuzzy e-open cover of X. Since X is intuitionistic fuzzy e-Lindelof, there exists a 
i= 1,2,...} of {(x, ue,,VvaG,) |i € I}. Therefore 


it is countably intuitionistic fuzzy e-compact. Conversely, let {(x, uc,,Vc,) 


countable subcover { (x, UG;,VG,) 


{(z, Ha;, ¥a;) t= 1,2, auf 


i= 


is countably intuitionistic fuzzy e-open cover of X, so there exists subcover {(x, UG,,VcG;) 
1, 2, nm} of {(z, MG; em) 


i=1,2,...}. Hence X is intuitionistic fuzzy e-compact. 


Theorem 2.10. Let an IFeOS A be intuitionistic fuzzy e-Lindelof in an IFTS. Then A 


is countably intuitionistic fuzzy e-compact if and only if A is intuitionistic fuzzy e-compact. 
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Proof. The proof is similar to the proof of the previous theorem. 


Theorem 2.11. Let f : X — Y be an intuitionistic fuzzy e-irresolute mapping from 
an IFTS X onto IFTS Y. If X is intuitionistic fuzzy e-Lindelof (countably intuitionistic fuzzy 
e-compact), then Y is intuitionistic fuzzy e-Lindelof (countably intuitionistic fuzzy e-compact), 


as well. 


Proof. It is similar to the proof of the Theorem 2.2. 


Theorem 2.12. Let f: X — Y be an intuttionistic fuzzy e-continuous mapping from 
an IFTS X onto IFTS Y. If X is intuitionistic fuzzy e-Lindelof (countably intuitionistic fuzzy 
e-compact), then Y is fuzzy Lindelof (countably fuzzy compact). 


Proof. It is similar to the proof of the Theorem 2.3. 


Theorem 2.13. Let f: X — Y be an intuitionistic fuzzy e-irresolute mapping from an 
IFTS X onto IFTS Y. If A is intuitionistic fuzzy e-Lindelof (countably intuitionistic fuzzy e- 
Lindelof (countably intuitionistic fuzzy e-compact)), then f(A) is intuitionistic fuzzy e-Lindelof 


(countably intuitionistic fuzzy e-compact), as well. 


Proof. It is similar to the proof of the Theorem 2.5. 


Theorem 2.14. Let f: X — Y be an intuitionistic fuzzy e-continuous mapping from 
an IFTS X onto IFTS Y. If A is intuitionistic fuzzy e-Lindelof (countably intuitionistic fuzzy 
e-compact), then f(A) is fuzzy Lindelof (countably fuzzy compact). 


Proof. It is similar to the proof of the Theorem 2.6. 
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81. Introduction 


Let G = (V, E) be a simple graph with | V(G) |= n vertices and | E(G) |= m edges. For 
a vertex vu € V(G), we denote the degree of v by dg(v). A vertex with degree one is called a 
pendant vertex. As usual, we denote by Nn, Pn,Cn, Sn, Kn, Kis and T;,, the null, path, cycle, 
star, complete, bipartite and tadpole graphs, respectively. 

The subdivision graph S(G) of a graph G is the graph obtained from G by replacing each 
of its edges by a path of length 2, or equivalently by inserting an additional vertex into each 
edge of G. 

Several topological graph indices have been defined and studied by many mathematicians 
and chemists as most graphs are generated from molecules by replacing atoms with vertices 
and bonds with edges. Two of the most important topological graph indices are called first and 
second Zagreb indices denoted by Mi(G) and M2(G), respectively: 

M(@)= S> dg(u) and MA(G)= S> de(ujde(v). (1) 
ueV(G) u,v€ E(G) 

They were first defined 45 years ago by Gutman and Trinajstic, [7], and are referred to due 
to their uses in QSAR and QSPR. In 2010, Todeschini and Consonni, [8], have introduced the 

multiplicative variants of these additive graph invariants by 
Mm(G)= [J] dé(w andiy(@)= [J de(ujde(v) (2) 

ueV(G) u,v€ E(G) 

and called them multiplicative Zagreb indices. Zagreb indices and multiplicative Zagreb coindices 
of graphs have been studied in [3] and some bounds related to those are obtained. Similarly, 


these multiplicative Zagreb indices are calculated for main graph operations in [1]. 
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For a graph G with vertex set V(G) = {v1,v2,...,Un}, we take another copy of G with 
vertices labelled by {v1, v2, ...,Un} where v; corresponds to v; for each i. If we connect v; to the 
neighbours of uv; for each i, we obtain a new graph called the double graph of G. It is denoted 
by D(G). Double graphs were first introduced by Indulal and Vijayakumari, [10], in the study 
of equienergetic graphs. Later Munarini et al. [9], calculated the double graphs of N,, and K;,s 
as No, and Kaman, respectively. These subdivision graphs were recently studied by Togan, 
Yurttas and Cangul in [4] where ten types of Zagreb indices and coindices including first and 
second Zagreb indices and multiplicative Zagreb indices were calculated. In [2], the Zagreb 
indices of the line graphs of the subdivision graphs are studied. Also in [11], the resistance 
distance and the Kirchhoff index in double graphs were studied and the closed-form formulas 
for resistance distances and the Kirchhoff index of double graphs were derived. Here, we first 
calculate double graphs of other simple graph types such as cycle graphs C,,, path graphs P,, 
star graphs S,,, complete graphs K,,, tadpole graphs T;,,. For a graph G, the subdivision graph 
of G denoted by S(G) is defined by adding one vertex to each existing edge. 

Similarly the r-subdivision graph of G denoted by $"(G) is defined by adding r vertices 
to each edge by Togan, Yurttas and Cangul in [5]. In this paper we shall calculate the first 
and second Zagreb indices and multiplicative Zagreb indices of all these graphs. We also give 
some relations between these numbers. Similar calculations were made in [6] for subdivision 
graphs of double graphs. For convenience, we shall denote the number of vertices and edges of 
G, D(G), S"(G) and S"(D(G)) by n,m,n4,m4,n(S,),m(S,) and n@(S,),m4(S,.), respectively. 
Obviously, 

Lemma 1. With the above notation, we have 

a) nt = 2n, 

b) m4 = 4m, 

c) n(S,) = n+rm, 

d) m(S,) =(r+1)m 

e) n#(S,) = rm? + n? = 2n + 4mr, 

f) m@(S,) = (r +1)m4 = 4m(r +1). 


Proof. a) n¢ = 2n by definition. 
b) m? = 2m+ Leu = 2m+2m = 4m. 


c) and d) follows i the definition of r-subgraph. 
e) n4(S,) = rm? + n4, by definition. Also by a) and b), n@(S,.) = 2n + 4mr. 
f) m@(S,) = (r +1)m? by definition, and m4(S,-) = 4m(r + 1) by b). 


§2. First and Second Zagreb and Multiplicative Zagreb 
Indices of Some r-Subgraphs of Double Graphs 


For a null graph N,,, one can not obtain a subdivision graph by adding a new vertex so 
our result will be given for other graph types. 

Theorem 2. Let m,n,m(S;),n(S,-),m4@(S;),n4(S;,) be the number of edges and vertices of 
G,S"™(G) and S"(D(G)), respectively. Then the first and second Zagreb indices of r-subdivision 
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graph of double graphs of path, cycle, star, complete and tadpole graphs is given as follows: 


16(nr —r+1)+32(n—2) ifG=P,,n>2 


32n + 1l6nr iffG=C,,n>2 
M,(S"(D(G))) = 4 8(n—1)[1+2r+(n-1] ifG=S,,n>2 

8n(n — 1) [(n- 1) +7] if G= Kn, n> 2 

16 [(s + t)(r+2)+]] ifG=T,.,t>3,s>1 


and 


32 + 16(n —1)(r —1) +. 64(n-2) ifG=Pr,n>2 


64n + 16n(r — 1) if G=C,,n>2 
M2(S"(D(G))) = 4 8(n — 1) [2n +r —1] ifG=S,,n>2 

8n(n — 1)(2n+7r —3) ifG=K,,n>2 

16 [(s + t)(r? + 3) +2] YG=T..¢> 3335 1, 


Proof. We prove the theorem for star graphs. Similar methods can be used for others. Let G be 
a star graph S,,. Its r-subgraph has n($,) = mr+n= (n—1)r+n and m(S;,) = (r+1)(n—1) 
and for a star graph, r -subgraph of its double graph has n“(S,) = 4r(n—1)+2n = 4r(n—1)42n 
and m4(S,.) = 4(r + 1)(n—1). In S"(D(S,,)), we have two vertices with degree 2(n — 1) in the 
centers of stars, r(n—1) vertices of degree 2 on each edge of star and 2(n—1) vertices of degree 
2 at the end points of star. 

So if we use the definition of M,(G), we have 


M,(S"(D(Sn))) 2? 9 G1) +2? +4 Ge —1) 4 2+ P= 1) 


| 
CO 
— 
3 
ran 
rat 
— 
3 
Faia 
3 
Km 
= 


There are 3 types of entries in Mp(S"(D(S,,))): 

7) wis an endpoint (pendant vertice) and v is a newly added vertex of degree 2 in S”(D(G)): 
For each u, there are m = n— 1 added vertices which forms an edge with u so each vertex pair 
adds (2-2) -4(n — 1) to Mz(S"(D(S;,))). 

it) u is the central vertex with degree 2(n — 1) and v is a newly added vertex of degree 2 
which forms an edge together with u. So a total of 2-2(m —1)-4(n — 1) is added. 

iti) Both u and v are middle vertices (of degree 2) and uv € E(G): There are r — 1 vertex 
pair in each edge of star so 2-2-[2(n — 1)(r — 1) + 2(n — 1)] is added to Mo(S"(D(S;,))). Finally 
adding all these together we get the desired result: 


M2(S"(D(Sn))) = (2+ 2)-2(n—1) + [2(n— 1) - 2] -4(n — 1) 
4+2.-2-[2(n—1)(r —1) +2(n—- 1)] 
= 8(n—1)4+16(n—1)?4+ 8r(n—1) 
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= 8(n—1)(Qn+r-1). 


Theorem 3. The first and second multiplicative Zagreb indices of the r -th subdivision 


of double graphs of several graph types are given by 


98[1+r(n—1)+(n—2)] ifG=P,,n>2 
g8n(r+1) if G=Cn,n>2 
11 ($"(D(G))) = ¢ 24@-NG42r) [9(n —1)]* ff G@=Sp,n>2 
Pini are Oa KS 


g8l(t+s)(r+1)—1] 34 if G=Ti,.,t = 3,8 >1 
and 
92[(r—1)(n—1)+4(38n—4)] if G= Pnr,n > 2 
98n(r-+2) ifG=Cn,n>2 


Il(S"(D(G))) = 28(n-1)(r+1) (7 _ yan) if G= Spn,n > 2 
(n -_ 1D gene) if G= Kn, n> 2 
98[(t-+s)(r+2)—2]312 ifG=T,5,t >3,s>1. 


Proof. We prove the theorem for complete graphs. Similar methods can be used for others. Let 
G be a complete graph K,,. Its r-subgraph has n(S,) = mr +n and m(S,) = (r+ 1)m and for 
a complete graph, r-subgraph of its double graph has n4(9,) = 2n + rm(S;,) = 2n + 2nr(n—1) 
and m4(S,) = (r+ 1)m¢ = 4(r + 1)(n—1). In S™(D(K,,)) we have 2n vertices with degree 
2(n — 1) and r [2m + n(n — 1)] vertices of degree 2. 

So if we use the definition of II,(G), we have 


T(S"(D(Kp))) = [2(n — 1)]*" - 2477-9), 


There are 2 types of entries in II,($"(D(K,))): 

i) u is an endpoint with degree 2(n — 1) and v is a newly added vertex of degree 2 in 
S"(D(K,,)): For each u, there are 2(n — 1) added vertices v forming an edge with u, so that 
each vertex pair adds 2+ 2(n — 1) - [2n- 2(n — 1)] to Ig($"(D(K,,))). 

it) Both u and v are middle vertices (of degree 2) which form an edge: There are r — 1 
vertex pairs in each edge of a complete graph so (2-2) -(r —1)- [2m+ n(n —1)] is added to 
II2(S"(D(i,,))). Finally adding all these together, we get the desired result: 


Ta(S"(D(Kn))) = [2-26 — HPP. 2. 2D Prtntn= 9} 


4n(n—1) 


[4(n — 1)] 42n(n-1)(r-1) 
g4n(n—1)(r+1) )4n(n—1) ; 
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81. Introduction, Definition and Motivation 


Let S, (p is fixed integer > 1) denote the class of all analytic functions f(z) of the form, 


f(z =2P + S Anz” (1) 
n=pt+l 
defined on the open unit disk, 
U:{zEC:|z| <1} (2) 


and let S; = S. A function f(z) € S, is said to be p-valent starlike function (2 # 0), if it 


satisfies the condition, 
f(a) : 
nf FON 50 (z €U) (3) 


Let f be an analytic function in a simply connected region of the z-plane containing the origin 


and the multiplicity of (z-¢)~* is removed by requiring log(z — ¢) to be real when z - ¢ > 0. 
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The generalized fractional derivative of order \ is defined, 


= 2 
mst{e # i (z—C) 2h 


(w-A1-H1-r¥1-$)FOa)}, OS AKI 
to fe)= Logg’ f(Z(n<rA<nt+1neEN), (k > max (4) 
{0,—v 
-}- 
Provided further that, 
f(z) =0(|z|") (23.0) (5) 


It follows at once from the above definition that, 
Jp2” f(z) = D2 f(z) O<A<1) (6) 


Furthermore in terms of gamma function we have, 


Je = T(p 1)T(p MoV 2) Ph 


0<A<1, 
Oe T(p— p+) (p-A+v+ 2) (Os (7) 


p> max{0,u—v—1}—-1) 


In recent paper Goyal and Goyal| 23] defined as generalized Ruscheweyh derivatives, 


I” fap; p> 1 as (8) 
De APP!) ene ne 
AH = P JAM (UP 
Jp Fnp(2) — T(v+2)0 (ps a Jo (z Fn.p(2)) 
o0 (9) 
= 2P4 S- ager (nz 
k=n+p 


where, 


(10) 


2+u—A)T(k+v—p+2) 

-2+u—AT(vt 2/14 p) 
for \ = p, this generalized Ruscheweyh derivatives get reduced Ruscheweyh derivative of f(z) 
of order X. 


zp 
a= Palade! eB (es) 
~ (11) 
= P+ S- an Bpe(A)zZ 
k=p+1 
where, 
7 T(A +k) 
9) = TOE DEP FD) 7 
_ T(IA+4&) We) 
~ T+ p)(k — p)! 
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The q’” Hankel determinant for q > 1 and n > 1 is stated by Noonan and Thomas [ 21] as, 


An Oe “ee Baa ged 
Hy(n)=| "NR es 
Antq-1 Gntq *** Gn+2q—2 
This determinant has been considered by several authors in the literature, for example Noor 


[22 | determined the rate of growth of H,(n) as n — oo for the function f given by (1.1) with 
bounded boundary rotation. Ehrenbarg [ 6] studied the Hankel determinant for exponential 
polynomials. It is well known [5] that for f € S and given by (1.1). The sharp inequality 
|az — a3| < 1 holds. This corresponds to the Hankel determinant with q = 2 and n = 1. 

Fekete - Szego [8] then further generalized the estimate |a3—j1a32| with p real and f € S fora 
given family f of the function in A, the sharp upper bound for the nonlinear functional |aza4—a3| 
is popularly known as the second Hankel determinant for various subclass of analytic functions 
were obtained by different researchers including Janteng et al [10], Mishra and Gochhayat [19] 
and Murugusundaramoorthy and Magesh [20]. Recently Trailokya Panigrahi and Krishna et 
al obtain the sharp bound in the case of q = 2 and n = p+1 denoted by H2(p+1) given by 
|ap414p+3 — anol. 

For our discussion in this paper, we consider the Hankel determinant in the case q = 3and 
n = p denoted by H3(p) given by, 


ap Ap+1 Ap+2 


Af (p) =| GQp+1 GAp+2 Ap+3 


Ap+2 Ap+3 Ap+4 


for f € S,, a = 1 so that we have, 


po 


H3(p) = Gp+2(dp+14p+3 — a5 42) — Ap +3(Ap43 — Gp414p+42) + Ap44(Gp42 — a741) (13) 
and by applying triangle inequality, we obtain 


|H3(p)| < lap+2||ap414p+3 — A349] + |ap+3||ap41dp+2 — Ap+s (14) 


+ |ap+,||@p42 — a4 
Motivated by the results obtained by D. V. Krishna et. al[1].And the result obtained 
by Babalola [3] and different researchers in this direction finding the sharp bound to Hankel 
determinant H3(P) for the class RT. 
In this paper, we obtain an upper bound to the functional |a,41a)+42 — @p+3| and hence for 
H3(p), for the function f given in (1.1) belonging to the class S%(A) is defined as follows. 
Definition 1.1. A function f(z) € Sp is said to be in the class Si(A) if it satisfies the 


condition, 
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zD> f(z) 
where, 


Dofz)= 2+ S7 Be(A)anz* 
1 


k=p+ 
— TA+K) 
PO) = TOF aya 


§2. Preliminary Lemmas 
Lemma 2.1. Jf the function p € p is given by the series, 
pz) =1lteazt+ez?+... 
then the following sharp estimate holds, 


[pz | < 2 k=1,2,... 


Lemma 2.2. If the function p € p is given by the series then, 
2co = ci + a(4 — cf) 


4c3 = 3 + 2c, (4 — 2) x —a(4— ct) x” +2(4— ct)((1 — |z|*")z) 


for some 2,z, |x| < 1, |z| < 1. 


Lemma 2.3. The power series of p given in (2.1) converges in 6 in to function p if and 
only if the Toeplitz determinant 


2 Cy Cy Cy 
C-1 2 Ci Ch—1 

Dy = 
C-n C-n4+l1... ... 2 


Where, n =1,2,3,... and Cy, = Cy V non-negative. They are strictly positive except for 
ath + 
P(z) = >> pepo(e"**) 
k=1 


pr >O0, ty real and th A t; fork A jin this case D, > 0 forn < m- 1 and D, =0 forn > m 
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§3. Main Results 


Theorem 3.1. [f f(z) € S5(A) with p € N then, 
Ap? 


A+ p)?(A+p+1) ve) 


|ap41p43 _ aol < ( 


Proof. Let DX f(z) = 2? + OR p41 Ge(A)axz* be in the class $*(A) from definition (1) [1,1] 
there exist an analytic function p € P in the unit disk U with p(0) = 1 and R{p(z)} > 0 such 
that, 


2(D*f(z)) 
OE = o() (17) 
{DA F(2))' = wel) DBF (18) 


{mi S- aaa] = piltaz4 C927 + ¢32? 4 sat] 


k=P+1 . (19) 
ey S- Axa" 
k=p+1 
pz + by Bx(A)a,kz® = [p + perz + pegz” + pezz3 +...) 
k=pt1 
Pr 7 (20) 
P+ S- Peas" 
k=p+1 
Equating the coefficients of z?+1, z?+?, zP+3, and z?+4 we get, 
Per 
Ap+1 = (21) 
. By+1(A) 
peo + pct 
Op42 = ———— (22) 
ee 28p42(A) 
2pe3 + 3p?c1c2 + p*cF 
a a 23 
pte Baal) =) 
— 6pe4 + 6p? coc? + 3p?c3 + 8p2c1¢3 + p*ct (24) 


ee 24B+4(A) 


Considering the second Hankel functional |ap;1ap+2 — a345| for the function f € S*(A) and 


substituting the values of ap41, ap+2 and ap+3 from above relation we have, 
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2 3.3 
An4+14p+3 — Cee ss |, el 2pc3 + 3p*c1C2 + p°cj 
me Bex) 6Bp+a() 
2 
28p+2(A) 
pc1C3 + 3p? cree + ge 1 


69p41(A)Gp+3(A) 4(Bp42(A))? 


po + 2p° ci ce + pict 


p?c1c3 + 3p?cfco + p*ct 
(A+ p)2(p+XA+1)(p+ r+ 2) 


pk + 2p ci ce + pct 
(+P +p+ IP 


= A(p, d)|p? e103 + 3p*c?co + p*ct — B(p, d) 


[p*c3 + 2p? cece + pict | 


1 
nner A A= cee eee eae ee ee 
—_Atpt2 


By applying lemma, 


4 4A-—ci)r o(4-C)x? (4-) 
= # 2 Cy ex( 1 1 1 1) (4 2 
if bee] 5 i 5 (1 |al"z) 
2 
e+a(4—c c+2(4—c)? 
= 3p°cf 1 “ 4] pics B(p, r) ("( 1 ( ) 
+2(4-c} 
+ 23 (2 ae 2) + ell 
lzi<1, |zl=p, a=ce [0,2] 
24 22 2 22 2) 2 
pre pre’(4—c)*p_ pre"(4—c*)p 
<A t 
or Zi 5 Z 
22 2 24 
po(4—e 3p~c 3 
BO) (1 — pty 4 BEE 4 Sptet (a — c%) + pet — Bp.) 


2 
P(e 2c c2) + p*(4 c)?) + pc} + pcp(4 — c2) + ptct 


(25) 


(26) 


(27) 


(28) 
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P'(c,p) = Alp.) {eee =o) pe A= 224 ap 
3 99 2 B(p, A)p 2 2), 2)2 
5P eC (4 ) 1 [2c?(4 — c*) + 2p(4 — c*) (29) 
+ pec(4 — c’)] 
F'(c,p) >0 


.. F'(c, pe) is an increasing function of p and hence it can not have maximum value of any point 
in the interior of closed square|0,2] x [0,1] after the fixed c € [0,2]. p = 1, F(c,1) = G(c). 


pet . pre 
< 4 
2 4 2 ne 
SPPr(4—o?) + pct + B(p,a)|P = +P (4 22) (30) 
p 
+ 7 (4-0)? + pie? + p'c(4 — c*) + pict 
put c = 0 and p = 1 the upper bound of (25) 
p 
< A(p,r){ B(oa)] 7 x 16] 
< 4p? A(p, A) B(p, A) (31) 


Ap? 


A+ p)?(A+ p+1)? 


=| 


Corollary 3.2. If p = 1, \ = 0 then \agaq — a3| < 1 with coinside the result Janteng et 


al. 


Theorem 3.3. [f f(z) € S5(A) then, 


4p 
as < : 
Ap+14p+2 Ap+3| = (A+tp)(A+pt+1)(A +p+2) (3 ) 
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Proof. From equation (21),(22)and (23) 
Per. Pea + pec, — 2pcs + 8p*crce + pc? 
Bp+4 (A) Bp42(A) 6Gp+3(A) 


Perce + pe 
Q+p2A)A+p+) 


|ap414p+2 — O43] = 


2pc3 + 3p?c1¢2 + pc? (33) 
(A+ p)(A+p+ l(A+pt2) 
= c(p, »)|pPove + p*ci — D(p,d) 
ape + 3p*c1¢e2 + vel 
1 A+ p 
C(p, A) = & D(p, A) = ~~ 
OG (P) = hyped) 
Applying lemma (2.2) 
e+2(4—eF c 
= an.» pea|— “ | + p82 — Dip, a) [>| 
- 24 (4—c?)e 1 (4—cf)x? Z 2(4 — cf)(1 — |x|?z) 
4 4 4 
2 4— 2 
+ 3p?e ata 2) pct ! 
Iz]<1, |zl=p, a =ce [0,2] (34) 
24 Dstt e 3 
< anf PE pe) he D0) 
2 2 2 
c(4 — c?) p? 3 
t pel — ep — POS ea oy — 2) + 3p? 
. + p(4— are] 
< F(c,p) 
F’(c,p) < 0 = F’(c,p) is an increasing function c € [0,2]. If o = 1, F(c,1) = G(c). 
24 ZA 2 3 
ate) ein af BS 4 a 4 pe + Dip, a) |PO+ 
2 2 2 
e—2)(4-¢ 3p" 
pc(4 — c”) P ut | p(4 — c*) 4 5 G + (4 2)| (35) 
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upper bounds for (25) 


ei etinabed Ce »){ Dt. ay} 


(36) 
< ae 
~ (A+p)(At+ p+ I(0+4 pt 2) 
Theorem agree with the following result due to Babalola [3]. 
Corollary 3.4. If p = 1, \ = 0 then, 
2 
a2a4 — a3| < =a (37) 


3 


Hence we have G(c) < G(0) = 3, c € (0,1). This is less than 2, which is the case when c € 


[1,2]. Thus the maximum of function, |a2a3 — a4| corresponds to p = 1 and c = 2. We put p= 
1 and c = 2 in (28). 


2 
Pp 
Ap4+14p42 — Ap43| = cp, A) “5 (16) + p®4 — D(p,d) laps 


3 
5P (8) + a 


= c(p, d)|8p* + 4p? — D(p, d) ap + 12p7 + a" 


(38) 
If p=1 and X=0 then, 


1 1 
< =|12 — ~(24 
< 512-5020) 
1 
< =}12— 
s3p2-9 
<2 


., |a@ga4 — a3| < 2 with the result due to Babalola and Gagandeep et al. 
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Theorem 3.5. [f f(z) € S5(A) then, 


la ae a2 | _ pc2 + pc? pc 
PEM JQ. +p)(Atptl) (A+ p)? 


pct(A + p) — 2p’? (A+ p+ 1) 
2(A4+ p)?(A+p4+1) 


pc2 
2(A + p)(A+pt 1) 


c?+4+a(4—c?) 2 
p| tages + prey pec? 


A+ p\(A+pt2) (A+ p)? 


2 ot 

p pc 

= A4 
2A+pAtp+H|> 2 ex | 
(39) 

_ |pet + pa(4—ci)+ 2p. pet 
~ 2A+ p)\(A+pt1) (A+ p)? 
|z| = p 


pet +pp(4—c*)+2p?e = pe? 


=| 30 4n0cp41) Cex? 


p=1 and c=0 


2p 
(A+ p)(A +p +1) 


Corollary 3.6. Jf \ = 0, p = 1 then, 
lag —aa| <1 
By using theorem (3.1), (3.3) and (3.5) and using inequality |a,| <k, then we get |H3(1)| < 
16, results consider with the result of Babalola [3] and Jetange [12]. 
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81. Definition and simple properties 


For any positive integer n, the famous Smarandache function S(n) is defined as the smallest 


positive integer m such that n | m!. That is, 
S(n) =min{m: n|m!, ne N}. 


Many people studied the lower bound of S(n). 

M. Le [16]. Let p> 2 be a prime. Then S (2?~1(2? —1)) > 2p +1. 

J. Su [35]. Let p>5 be a prime. Then S (2°~'(2? —1)) > 6p +1. 

J. Su and S. Shang [36]. Let p> 7 be a prime. Then S(2? +1) > 6p+1. 
M. Liang [23]. Let p> 7 be a prime. Then S(2? +1) > 8p+1. 

T. Wen [40]. Let p> 17 be a prime. Then S(2? £1) > 10p +1. 

C. Shi [33]. Let p > 17 be a prime. Then S(2? +1) > 14p +1. 


X. Wang [38]. For anymeEN, let p > 9m?(logm +1)? be a prime. Then $(2” — 1) > 


2mp + 1. 


(1.1) 


F. Li and C. Yang [20]. Let a and b be distinct positive integers, and let p > 17 be a 


prime. Then S'(a? + b?) > 8p +1. 


P. Shi and Z. Liu [34]. Let a and b be distinct positive integers, and let p > 17 be a 


prime. Then S (a? + b?) > 10p +1. 


L. Gao, H. Hao and W. Lu [6]. Let a and b be positive integers with a > b, and let 


p> 17 be a prime. Then S (a? — b?) > 8p + 1. 


J. Wang [37]. Let F, = 2?" +1 be the Fermat number. Then S(F,) > 8-2" +1 for 


n> 3. 


M. Zhu [55]. Let F,, = 2?" +1 be the Fermat number. Then S(F,,) > 12-2" +1 for 


n> 3. 
M. Liu and Y. Jin [26]. Let F, = 2?" +1 be the Fermat number. Then S( 
4(4n + 9)-2"+1 forn > 4. 


Fy) 2 
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M. Bencze [2]. For positive integer sequences m1,--- Mn, we have 
n n 
s (TI) S20. 
k=1 k=1 


M. Le [17]. There are infinite many n € N such that S(n) < S(n— S(n)). 

The distribution properties have also been studied. 

W. Zhu [56]. Let m= pips? ee where p1,p2,°°: ,Pr are distinct primes. For any 
n EN, we have 


S(m")=n max, {(pi NT}+0(— ina). 


M. Le [15]. For any distinct positive integers k and n, logyn S (n*) is never a positive 
integer. 
F. Du [4]. 1. Assume that n = pipo-+- pr, where pi,p2,:+: ,Pk are distinct primes. 


1 
Then ye 5d) can not be an integer. 
din 


2. Suppose that n = p’, where p > 2 is a prime and T < p. Then ye can not be an 
d| 


1 
~ 3d) 
integer. 

3. Letn= Pips? - ae ‘De, where p1,p2,°+* ,pR are distinct primes. If S(n) = px, then 

1 

—— can not be an integer. 
ys 5) I 
d|n 

L. Huan [9]. 1. Assume that n = pipo--- pe, where pi,p2,--: ,pR are distinct primes. 


Then we have 
gk-2 gk-1 


[[S@ =pi- v3 ++: pea wk 
d|n 


B. Liu and X. Pan [25]. For any positive integer n, the formula 


S(2)S(4) -»- $(2n) 
S(1)S(3)---S(Qn — 1) 


is an integer if and only ifn =1. 


A. Zhang [49]. For integer n > 1, we have 


1 1 
—|{m: 1 <m<n,S(m) is a prime}| =140 (5). 
n Inn 


W. Xiong [43]. Define 
ES(n) =|{a:1<a<n,2| S(a)}|, OS(n) = |{a: 1 <a<n,2{ S(a)}|. 


Then for integer n > 1, we have 
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Q. Liao and W. Luo [24]. Let p be a prime and a be a positive integer. 


1) For any positive integer r and a = p", we have 
S(p*) =p’ — p" +p. 
2) For any positive integer r, t € [1,r] anda =p" —t, we have 
S(p*) = pt! — pr’. 


3) For any positive integer r, t € [r +1,p" — p’—1!] anda=p" -t. 
(I) If 


n-1 
Cy Ae ay ON GeO A it 2 ol Od 9 Has 
i=l 


with 


then we have 


(1) If 
n-1 
o= p = a 1)*-1 (p* ki) 4 (ai? (p* _ t) 
i=l 
with t € [1, kn] and 
ki <p (p—1) -1, ii <n= 1; 


then 


Q. Liao and W. Luo [24]. Let ¢(n) be the Euler function and let a(n) be the sum of 
the different positive factors for n. 

1) For any positive integer k, there are no any prime p and positive integer m coprime with 
p, such that ¢(pm) = S(p*) and S(p*) > S(m*). 

2) For any positive integer k, if there are some prime p and positive integer m coprime with 
p, such that 6(p2m) = S(p?*) and S(p?*) > S(m*), then p= 2k+1 or2 Ap<k. Furthermore, 

(I) If 2k+1=p, then 


(p,m) =(2k+1,1), (2k+1,2), (2,3). 
(II) If2<p<k, then k > 3 and 


< (m) < 2 +k=1, & = 2(mod3), 


2 
2< b(m) < 2k tk otherwise. 
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3) For any positive integer k, if there are some prime p and positive integer m coprime 
with p, such that 6(p*m) = S(p**) and S(p%*) > S(m*). Then ak +1 > p%3(p? — 1) and 
1 < d(m) <q, where 


ak +1 = qp* 3 (p? — 1) +1, O<r<p* 3(p’ — 1). 


4) For any positive integer k, there exist some prime p and positive integer m coprime with 
p, such that ¢(p?m) = $(p**) and S(p3*) > $(m*), m = 1,2. 
Q. Liao and W. Luo [24]. 1) For any prime p, there is no any positive integer a such 
o(p*) 
S(p*) 
2) Let p be an odd prime, a> 1 and n = 2%p. 


(1) n> Fa >a and an) 


that 


18 a positive integer. 


is a positive integer, then 2°*1 = 1(mod p). 


S(n) 
fp a(n) . Sitio 
II) [f —| <a and is a positive integer, then 
(il) 2, Ea S(n) 
a(n) gort _ 4 S(2%) 
= Pat et: Felt 1 
S(n) m 7 and p=m 7 : 


where d = (2°+' — 1, S(2%)) andO<m<d. 


§2. Mean values of the Smarandache function 


C. Yang and D. Liu [45]. Define o(n) = > d. For any real x > 3 we have 
din 


Lois =F FZ +0( i ) 


In? x 


Y. Wang [39]. For any real x > 2 we have the asymptotic formula 


y W-F. A +0(4). 


2 
aoe ln* x 


W. Yao [48]. Let A(n) be the Mangoldt function. For any real x > 1 we have 


Atm) S(n) = % (stseise®) | 


log x 


nN<ax 


B. Shi [31]. Let k be any fired positive integer. For any real x > 1 we have 


yhasmaes i -o( a ) 


i k+1 
ae ‘a9 log’ & log’ x 


where c; (t =0,1,--- ,&) are constants, and cp = 1. 
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Z. Lv [28]. Let k be any fixed positive integer. For any real x > 2 we have the asymptotic 


formula 


2 2 3 3 a Cj x2 
S > (S(n) — S$ (S(n)))* = a6 (5) x? \ 0 +O (5) ; 


a k+1 
oe 7 Oe log’ x 


where ¢(s) is the Riemann zeta function, c; (¢ = 1,2,---,k) are computable constants, and 
cy = 1. 

J. Ge [7]. The Smarandache LCM function SL(n) is defined as the smallest positive 
integer k such that n | [1,2,--- ,k], where [1,2,--- ,k] denotes the least common multiple of 
1,2,---,k. Let k be any fixed positive integer. For any real x > 2 we have the asymptotic 


formula 
2 3 3 ‘: Ci x? 
(sL(n) - S(u))* = 3¢() o? DS +0 | 
Xu 3° \2 aj Oe log’ *t x 
where ¢(s) is the Riemann zeta function, c; (t= 1,2,--- ,k) are computable constants. 


X. Fan and C. Zhao [5]. Let d(n) be the divisor function. For any real x > 2 we have 


SX S(n)a(n) = = o( ch ) 


2 
nee In* x 


Z. Lv [29]. Let k > 2 be any fixed positive integer. For any real x > 1 we have 


w+ a x Ci x7 x? 
¥ S)dtn) = 35 ina tLe ake +O (Gere): 


n<ux 1=2 In‘ & 
where c; (4 = 2,3,--- ,&) are computable constants. 
M. Zhu [54]. Define og(n) = S- d*,a>1. Letk > 2 be any fixed positive integer. For 
d|n 


any real x > 1 we have 


where c; (4 = 2,3,--- ,k&) are computable constants. 
H. Zhou [53]. Let k > 1 be any fixed positive integer. For any complex s with Re s > 1 


we have 


> A(n*) C'(ks) 
Ye ey = ~6(8) 
a 

Y. Guo [8]. Define a function F(n) as follows: 


0, iff n=1, 
Q1pi + Q2p2 +--+ +Orpr, if m>1 and n= pt'ps?---pr. 
Let k > 1 be any fixed positive integer. For any real x > 1 we have 


Kg. x? x? 
Y Fm) -s@yr= YS +0 (<a) | 


n<ax i=1 


Vol. 12 A survey on Smarandache notions in number theory I: Smarandache function 137 


1 


where c; (t= 1,2,--- ,k) are computable constants, and c, = —. 

C. Shi [32]. For any positive integer k, the Smarandache kn-digital sequence a(k,n) is 
defined as all positive integers which can be partitioned into two groups such that the second 
part is k times bigger that the first. For1<k <9 and real x > 1 we have 


S(n) _ 3x? 
a a(k,n) ~ 20k InIng+O(1). 


n<ux 


C. Yang, C. Li and D. Liu [44]. For any real x > 2 we have 


57 s(n) = SOF , o( = i: 


re 3lnz In? x 
2 3) x2 2 
> (n) _ ¢(3)x +0(=). 

oe n 3lna ln“ x 


W. Huang [11]. Let k > 1 be any fixed integer. For any real x > 2 we have 


sto) SEHD Mo (2H), 


ese k+1 Inz In? x 
iS 9¢(k+1 is & 
eee +0(-). 
a n k+1 Ina ln“ x 


C. Li, C. Yang and D. Liu [19]. Let P(n) denote the largest prime factor of n. For 
any real x > 2 we have 


Ing 


S(n) 6x3 v3 
aT a 0 5 i 


M. Yang [46]. For any real x > 2 we have 


cays SL(n) Ing 
P(n) | tining 
= SL(n) =«+0( Ine ) 


L. Li, J. Hao and R. Duan [22]. For any real x > 1 we have 


S¢ In S(n) =xlnr+O(z2). 


n<ux 


Z. Liu and P. Shi [27]. For any real x > 3 and 6 > 1 we have 


Soin — Poy? = EN g (E). 


(8+1)Ina 


n<u 
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W. Huang [12]. For n = p{'p3?---pe*, we define w(n) = pi + po+--:+ pp. For any 


real x > 2 we have 


S> S(n)oo(n) = B= +0( ): 


In? 2 
n<ux 


where B is computable constant. 
G. Chen [3]. Define H(n) = S- S(r)S(s). Let k > 1 be any fixed positive integer. 
[r,s]=n 
For any real x > 1 we have 


where d; (i = 1,2,--- ,k) are computable constants, and dy = 


Q. Yang [47]. For any real 6 < 1, the series 


ee. a 
d S(n)? 


diverges. 
For any real « > 0, the series 
. 1 


CcOnNvVETIES. 


§3. Mean values of the Smarandache function over sequences 
W. Zhang and Z. Xu [50]. Let a(n) denote the square complements of n. For any real 


x > 3 we have the asymptotic formula 


Y S(a(n)) = 5 o( a ). 


2 
aA In’ x 


H. Li and X. Zhao [21]. Let r;,(n) denote the integer part of k-th root of n. For any 


real x > 3 we have 


2 gité gité 
D S(ra(n) = eel) ine ( 


2 
wee ln* x 
J. Ma [30]. Define L(n) = [1,2,--- ,n]. For any real x > 1 we have 


S> S(L(n)) = 52? +0 (ait) 


n<ax 
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k(k+1 
Q. Wu [41]. Define Z(n) = min fk in< eh Let k > 2 be any fixed positive 
integer. For any real x > 1 we have 


m2 (2Qa)2 bi cj(2ax)? x2 
> 8 (Z(n)) = ae SS +O eel 
1=2 


i 
pret n 2x 


where c; (4 = 2,3,--- ,k) are computable constants. 
H. Zhao [51]. Let a;,(n) denote the k-th power complements of n. For any real x > 3 
we have 


SS (S(an(n)) ~ = (wy? = 2). +o ) 


Inz 2 
— In* x 


W. Huang [10]. Define u(n) = min{k:n< k(2k—1)}. Let k > 2 be any fired positive 
integer. For any real x > 1 we have 


S° S$ (u(n)) = z ; ea 57 oan) +O at 
~ 144 Infae | — In’ V2r In®tt g }’ 


nN<ax 


where c; (4 = 2,3,--- ,k) are computable constants. 
Q. Zhao and L. Gao [52]. Define W(n) = min{k:n< k(8k+1)}. Let k > 2 be any 
fixed positive integer. For any real x > 1 we have 


es (3a)? “ b; (3a)? x 
a AC 486 In /3a Ds In’ /3x ae (str | , 


n<x 1=2 


where b; (t = 2,3,--- ,k) are computable constants. 


W. Huang and J. Zhao [14]. Define 


ur(n) 


: 1 
min {m+ $m(m—1)fr—2) 2m <m-+ zm(m —1(r—2),r Nr > 3h, 


Dole 


en(a) = max {m+ Sm(m —I)(r=2) mB m+ Sm{m— Ilr =2).r Nr > 3h 


Dole 


Let k > 2 be any fired positive integer. For any real x > 1 we have 


—_ m . (2(r _ 2)ar)? : ci (2(r _ 2)x)2 a 
PP) = 18(r = 2)3 ms J2r — 2)t y » int Dr = Da O (ain | F 
k 


dD Sor(n)) = Me OCS OE cy SUSE) o( a -). 


18(r —2)3 in 2Q(r—2)x “<5 In’ ./2(r —2)x 


n<u i=2 


where c; (t = 2,3,--- ,&) are computable constants. 
W. Huang [13]. Define a(n) =n—u,(n) and b(n) = v-(n) —n. Let k > 1 be any fixed 
positive integer. For any real x > 1 we have 


8/5) a2 q 5 
S- S(nja(n) = SV 2m Si aeLaRe 6 . 
63(r —2)4 In2z In“ 2x 


nN<x 


140 H. Liu No. 1 


8/2n2 ve vt 
S© S(n)b(n) = 63(r — 2)i “In2e | es (3 =) 


R. Xie, L. Gao and Q. Zhao [42]. Define qa(n =|]- Let k > 1 be any fixed positive 


d\n 
d<n 
integer. For any real x > 1 we have 


¥ (sau — (Jae) -1) Po) = Deg o( sar). 


n<ux 


where c; (t= 1,2,--- ,&) are computable constants, and 


amb aap (2) + 36(3) 


B. Li, J. Guo and H. Dong [18]. Define 


1, if n=1, 
U(n) = 
max {01p1,02p2,°°: ,Qrpr}, if n= pfps?---prr. 


Let k > 2 be any fired positive integer. For any real x > 3 we have 


S> ($ (ax(n)) — (k — 1) U(n))? = 56 (5) 2. =" +40 ( — , 


Inz 
ee In* x 


J. Bai and W. Huang [1]. Let A denote the set of the simple numbers. Let k > 2 be 


any fixed positive integer. For any real x > 2 we have 


: Brkt k Cenk} ght 
S*( + — +O : 
ae ~ (k+)Ina » In’ x (Sar) 
neA 
E\V/zxlnl 
SS ‘Gea! valuing -o(%), 
ee Sy Ing Inz 
neA 


where B,D, E, C; (i = 2,3,--- ,k) are computable constants. 
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§1. Definition and simple properties 


According to [11], the pseudo-Smarandache function Z(n) is defined by 


aE 


Z(n) = min fm ; n| ; 


Some elementary properties can be found in [11] and [1]. 


R. Pinch [20]. For any given L > 0 there are infinitely many values of n such that 


Z 1 Z(n—1 
Ae?) > L, and there are infinitely many values of n such that A) > L. 
For any integer k > 2, the equation He j =k has infinitely many solutions n. 
n 


2n) 


Z 
The ration is not bounded. 


1 
Fiz 3 < 8 <1 and integer t > 5. The number of integers n with eb! <n <e! such that 
Z(n) < n° is at most 196t?e**. 


co 
1 
Th j —— 1 t Sle 
e series 2d Zn is convergent for any a 
Some explicit expressions of Z(n) for some particular cases of n were given by Abdullah- 


Al-Kafi Majumdar. 
A. A. K. Majumdar [18]. [fp > 5 is a prime, then 


P, if 4|p+1, 


P, if 3|pt+1, 


Z(2p) = 


Z(3p) = 


146 
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No. 


Z (4p) 


Z (6p) 


A. A. K. Majumdar [18]. 


Z(5p) = 


Ifp > 11 is a prime, then 


Z(7p) = 


If p > 13 is a prime, then 


Z(11p) = 


48 tlle if 8| p+, 
~— -) 3p-1, if 8) 3p 41, 
3p, if 8|3p+1, 
p-1,  12|p-1, 
ae ha if 12|p+1, 
— ) Qp-1, if 4) 8p 41, 
2p, if 4|3p—1. 


If p> 7 is a prime, then 


P, of 10|p+1, 
2p—1, if 5|2p—-1, 
2p, if 5 | 2p+1. 


p-1, if T|p-1, 
D, of T\|p+1, 
2p-—1, if 7|2p—-1, 
2p, if 5|2p+1, 
3p—1, if 7| 38p—1, 
3p, of 7|3p+1 


p-1, <*@ 11|p-1, 
D, if 11) p+, 
2p—1, wf 11|2p-1, 
2p, if 11) 2p+1, 
3p—1, wf 11] 3p-1, 
3p, if 11) 3p4+1, 
4p—1, if 11] 4p-1, 
Ap, if 11) 4p4+1, 
5p—1, wf 11] 5p-1, 
5p, if 11|5p+1 
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A. A. K. Majumdar [18]. Let p and q be two primes with q>p>5. Then 


Z(pq) = min {qyo — 1, pro — 1}, 


where 


yo = minf{y: z,yEeN,qy—pr=1}, 
Yo = min{a: z,yEN,pr—qy=1}. 


A. A. K. Majumdar [18]. [fp > 3 is a prime, then Z(2p?) = p? -—1. Ifp >5 is a 
prime, then Z(3p7) = p? — 1. 
Ifp > 3 is a prime and k > 3 is an integer, then 


p* —1, otherwise, 
e if 3|p+1 andk is odd, 
Lah Bie NE 


p® —1, otherwise. 
S. Gou and J. Li [2]. The equation Z(n) = Z(n +1) has no positive integer solutions. 
For any given positive integer M, there exists a positive integer s such that 


|Z(s)- Z(s+1)| > M. 


Y. Zheng [29]. For any given positive integer M, there are infinitely many positive 
integers n such that 
|Z(n+1)—Z(n)| > M. 


M. Yang [27]. Suppose that n has primitive roots. Then Z(n) is a primitive root modulo 
n of and only ifn = 2,3,4. 
W. Lu, L. Gao, H. Hao and X. Wang [17]. Let p> 17 be a prime. Then we have 


Z(2”+1)>10p, 2 (2-1) > 10p. 


L. Gao, H. Hao and W. Lu [?]. Let p > 17 be a prime, and let a,b be distinct positive 
integers. Then we have 
Z (a? + bP) > 10p. 


Y. Ji [10]. Let r be a positive integer. Suppose that r # 1,2,3,5. Then 


1 
Zor vis 5 (-14 v2re8-5 41). 
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Assume that r #£1,2,4,12. Then 


Z (a —1)> 5 (-1+ vars 3- BB). 


§2. Mean values of the pseudo-Smarandache function 
Y. Lou [16]. For any real x > 1 we have 


S/n Z(n) =arlnx+O(z). 


nN<u 
W. Huang [9]. For any integer n > 1 we have 
3 In Z(k) 
toy ~%Imk =e Zn) _o (3 
n Inn}? S- In Z(k) Inn] - 


k<n 


L. Cheng [4]. Let p(n) denote the smallest prime divisor of n, and let k be any fixed 


positive integer. For any real x > 1 we have 


yw a yt 40( 8), 


i 
—s In‘ x 


where a; (t = 2,3,--- ,k) are computable constants. 


X. Wang, L. Gao and W. Lu [23]. Define 
0, ifn = 1, 
anpi tagpe +--+ +Orpr, ifn = plps? ++ per. 
Let k > 2 be any fixed positive integer. For any real x > 1 we have 
k 
= C(3)a | ajx? x 
2, AO) = Sag + ite tO GG) 


a 
n<ux 1=2 Ina 


where a; (t = 2,3,--- ,k) are computable constants. 
H. Hao, L. Gao and W. Lu [8]. Let d(n) denote the divisor function, and let k > 2 


be any fixed positive integer. For any real x > 1 we have 


ng? Bax? x 
5 Z(n)d(n) = — - 5 “+0 , 
ae (nan) 36 Ing Sjln'e (as -) 
where a; (t = 2,3,--- ,k) are computable constants. 


X. Wang, L. Gao and W. Lu [24]. Define 


D(n) = min fm: meéN,n| Hae}. 


i=l 
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Let k > 2 be any fired positive integer. For any real x > 1 we have 


In x? n aja? x? 
Y 2(n) n(n) = $2). Se » o(=5-), 


a 
nx 1=2 In’ x 


where a; (t = 2,3,--- ,k) are computable constants. 


§3. The dual of the pseudo-Smarandache function, the near pseudo-Smarandache 
function, and other generalizations 
According to [21], the dual of the pseudo-Smarandache function is defined by 


m(m + 1) jn}. 


Za(n) = max {im €N ; 


D. Liu and C. Yang [15]. Let A denote the set of simple numbers. For any real x > 1 


we have ; P ; 
x x x 
Z.(n) = Ci — + Co-—— +O ; 
a i) “ng "In? & (=) 
neA 


where C,,C2 are computable constants. 
X. Zhu and L. Gao [30]. We have 


2. Z,(n) oS 2m 
De S) DL stn pI 


m=1 


The near pseudo Smarandache function K(n) is defined as 


n 


K(n) = So i+k(n), 


i=l 


where k(n) = ming k: k EN,n| ae + i} Some recurrence formulas satisfied by k(n) were 
i=1 


derived in [19]. 
H. Yang and R. Fu [26]. For any real x > 1 we have 


n(n + 1) 3 ae 
Sa (xo) - MY) = <x logx + Ax +O (x log z), 

n(n + 1) — 93 4 46 
Yo(K- 2 ) = agar +0(2i*), 


where (n) denotes the Euler function, A is a computable constant, and « > 0 is any real 
number. 


1 
Y. Zhang [28]. For any real number s > 5 the series 


ae 2a 
», K8(n) 


n=1 
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is convergent, and 


K2(n) 108 27 


= 2 5 
=“In2 
> Kw gonna 


n=1 


Y. Li, R. Fu and X. Li [14]. We have 


xz? IniInz x 2x7 InIna x 
K = B 
a (n) 3lna tp Ina Qn? x 2 (=) : 
neA 
1 2 InIng 
= <(Inlnz)?+DInl E ; 
» Kw g (In nz) + Dining + +0(5"*) 
neA 
L. Gao, R. Xie and Q. Zhao [5]. Define 
pa(n) = | [ 4, qa(n) = [[ 4. 
d|n dln 
d<n 
For any real x > 1 we have 
3 ae aS 5 
K = Inl A, — + —,_ln1 O 
Xu a 5 Ina ae ‘ing 25m @ ee (=-). 
neA 
age spe x yee 
K = In1 A | Inl 
s (qa(n)) wad ning + 2Te ae nlng+O (=) ; 
neA 


where A, Ag are computable constants. 
Other generalizations on the near pseudo-Smarandache function have been given. For 


example, define 


Z3(n) = in fm: meN,n| df 


The elementary properties were studied in [6] and [7]. 
Y. Wang [25]. Define 


U,(n) = min {k : +2? 4---+n'+k=m,n|m,k,t,meN}. 


For any real number s > 1, we have 


Sais ~ colted-boal-)(-2)) 
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M. Tong [22]. Define 


Zo(n) min{m: mEN,n|m(m+1)}, if2|n, 
on) = 
min{m: méEN,n|m?}, if 24n. 


For any real x > 1, we have 


S~ Zo(2n — 1) = $6(9) 92 nee) («?+*) 


n<ux 


X. Li [12]. Define 


C(n) = min fa +03 a,beEN,n| seed ssh. 


For any real x > 1, we have 


S-C(n) = v2a?+O(z), 


n<u 
ys = In2-V2x+O(Inz), 
oan EM) 
1 5 3 3 
S/ d(C(n)) = seine +2 (274 3In2—3) +0 £2) 
mee 2 2 2 ( ) 


where y is the Euler constant. 
Y. Li [13]. Define 
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